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P R E F A C E
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On September 12, 2006, the National Council of Teachers of Mathematics released Curriculum 
Focal Points for Prekindergarten through Grade 8 Mathematics: A Quest for Coherence to encourage 
discussions at the national, state, and district levels on the importance of designing a coherent 
elementary mathematics curriculum focusing on the important mathematical ideas at each grade 
level. The natural question that followed the release of Curriculum Focal Points was “How do we 
translate this view of a focused curriculum into the classroom?”

Focus in Grade 7, one in a series of grade-level publications, is designed to support teachers, su-
pervisors, and coordinators as they begin the discussion of a more focused curriculum across 
and within prekindergarten through grade 8, as presented in Curriculum Focal Points. Focus in 
Grade 7, in conjunction with the Focus in Grade 6 and Focus in Grade 8 books, will provide a 
strong foundation for mathematics in a focused curriculum across grades 6 through 8. Important 
mathe matics to prepare students for grade 7 is addressed in the publications Focus in Grade 3, 
Focus in Grade 4, Focus in Grade 5, and Focus in Grade 6. Additionally, teacher educators should 
fi nd Focus in Grade 7 useful as a vehicle for exploring with their preservice teachers the mathe-
matical ideas and curriculum issues related to the suggested grade 7 Curriculum Focal Points. 

The contributors to, and reviewers of, these publications, all active leaders in mathematics edu-
cation and professional development, guided the creation of this grade-level book as a frame-
work for lesson-study experiences in which teachers deepen their understanding of the mathe-
matical ideas they will be teaching. This book describes and illustrates instructional progressions 
for the mathematical concepts and skills of each grade 7 Curriculum Focal Point, including 
powerful representational supports for teaching and learning that can facilitate understanding, 
stimulate productive discussions about mathematical thinking, and provide a foundation for fl u-
ency with the core ideas. Because these instructional progressions cut across grades, you will see 
the progressions in each grade accompanied by summaries of progressions before and after that 
grade that connect to Focal Points and Connections in previous and following grades.

Whether you are working with your colleagues or individually, we hope that you will fi nd the 
discussions of the instructional progressions, representations, problems, and lines of reasoning 
valuable as you plan activities and discussions for your students and as you strive to help your 
students achieve the depth of understanding of important mathematical concepts necessary for 
their future success.

—Jane F. Schielack
Series Advisor
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linked to Principles and Standards for School Mathematics (NCTM 2000), the National Council of 
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dergarten through grade 8. The writing team—consisting of at least one university-level mathe-
matics educator or mathematician and one pre-K–8 classroom practitioner from each of the three 
grade bands (pre-K–grade 2, grades 3–5, and grades 6–8)—worked together to create a set of focal 
points that could serve as areas of emphasis for each grade level and be used as an outline for an 
articulated pre-K–8 mathematics curriculum. The members of the writing team based their deci-
sions on recommendations from Principles and Standards, examinations of multiple curricula from 
several states and countries, and reviews of a wide array of researchers’ and experts’ writings on the 
subject. 

We appreciate the contributions of all who have made this document possible.
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Purpose of This Guide
Your fi rst question when looking at NCTM’s Curriculum Focal Points might 
be “How can I use NCTM’s Focal Points with the local and state curriculum 
I am expected to teach?” NCTM’s Curriculum Focal Points are not intended 
to be a national curriculum but have been developed to help bring more con
sistency to mathematics curricula across the country. Collectively, they con
stitute a framework of how curricula might be organized at each grade level, 
prekindergarten through grade 8. They are also intended to help bring about 
discussion within and across states and school districts about the important 
mathematical ideas to be taught at each grade level. Because of the current 
variation among states’ curricula, the Curriculum Focal Points are not likely 
to match up perfectly with any one state’s curriculum. This volume explores 
the mathematics emphasized at grade 7 in the focused curriculum suggested 
by the NCTM Curriculum Focal Points framework. Additional gradelevel 
and gradeband books are available from NCTM to help teachers translate 
the Curriculum Focal Points identifi ed for their grade level into coherent and 
meaningful instruction. Taken together, this grade 7 guide, along with the 
grades 5, 6, and 8 guides and the grades 3–5 (Mirra 2008) and 6–8 (Mirra 
2009) gradeband guides, can be used by groups of teachers in professional 
development experiences as well as by individual classroom teachers.

Purpose of Curriculum Focal Points
The mathematics curriculum in the United States has often been character
ized as a “mile wide and an inch deep.” Many topics are studied each year—
often reviewing much that was covered in previous years—and little depth 
is added each time the topic is addressed. In addition, because education has 
always been locally controlled in the United States, learning expectations can 
signifi cantly differ by state and local school systems. NCTM’s Curriculum 
Focal Points for Prekindergarten through Grade 8 Mathematics: A Quest for 
Coherence (2006) is the next step in helping states and local districts refocus 
their curriculum. It provides an example of a focused and coherent curricu
lum in prekindergarten through grade 8 by identifying the most important 
mathematical topics, or “Focal Points,” at each grade level. The Focal Points 
are not discrete topics to be taught and checked off, but rather a cluster of re
lated knowledge, skills, and concepts. By organizing and prioritizing curricu
lum and instruction in prekindergarten–grade 8 around Focal Points at each 
grade level, teachers can foster more cumulative learning of mathematics by 
students, and students’ work in the later grades will build on and deepen what 
they learned in the earlier grades. Organizing mathematics content in this 

A curriculum is more 
than a collection of 
activities: It must be 
coherent, focused on 
important mathematics, 
and well articulated 
across the grades. 

—The Curriculum Principle,
Principles and Standards for 

School Mathematics

It provides an example of a 
focused and coherent curricu-
lum in prekindergarten through 
grade 8 by identifying the most 
important mathematical topics, 
or “Focal Points,” at each grade 
level.

Introduction1
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way will help ensure a solid mathematical foundation for high school mathe
matics and beyond.
 Prior to the Curriculum Focal Points, the National Council of Teachers 
of Mathematics began the process of bringing about change to school math
ematics programs in the 1980s, particularly with the first publication to out
line standards in mathematics, titled Curriculum and Evaluation Standards 
for School Mathematics (NCTM 1989). That publication provided major di
rection to states and school districts in developing their curricula. NCTM’s 
Principles and Standards for School Mathematics (2000) further elaborated the 
ideas of the 1989 Standards, outlining learning expectations in the grade 
bands of prekindergarten–2, 3–5, 6–8, and 9–12. Principles and Standards also 
highlighted six principles, which included the Curriculum Principle, to offer 
guidance for developing mathematics programs. The Curriculum Principle 
emphasized the need to link with, and build on, mathematical ideas as stu
dents progress through the grades, deepening their mathematical knowledge 
over time.

Impact of Focal Points on Curriculum, 
Instruction, and Assessment
Significant improvement can be made in the areas of curriculum, instruction, 
and assessment by identifying Focal Points at each grade level. At the cur
riculum level, Focal Points will allow for more rigorous and indepth study 
of important mathematics at each grade level. This rigor will translate to a 
more meaningful curriculum that students can understand and apply. At the 
instructional level, Focal Points will allow teachers to more fully know the 
core topics they are responsible for teaching. Teachers will not be necessar
ily teaching less or more but will be able to teach better. Professional develop
ment can also be tailored to deepen teachers’ knowledge of these Focal Points 
and connect these ideas in meaningful ways. Assessments can be designed 
that truly measure students’ mastery of core topics rather than survey a broad 
range of disparate topics, thus allowing for closer monitoring of students’ de
velopment. At the level of classroom assessment, having a smaller number of 
essential topics will help teachers have time to better determine what their 
students have learned and whether they have learned the material deeply 
enough to use and build on it in subsequent years. If state assessments are 
more focused as well, more detailed information can be gathered for districts 
and schools on areas for improvement. 

Using This Focus in Grade 7 Book
Many teachers tell us that they did not have an opportunity in their teacher 
preparation programs to build sufficient understanding of some of the mathe
matics topics that they now teach. The discussion of the mathematical ideas 
presented here is detailed enough for teachers to begin building understand
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ing of the mathematics contained in each grade 7 Focal Point. To further un
derstand what mathematics students are expected to learn before grade 7 and 
in later grades, teachers would benefit from examining the publications Focus 
in Grade 6, Focus in Grade 8, and Focus in High School Mathematics: Reasoning 
and Sense Making (NCTM 2009). We suggest that teachers form study 
groups (such as those in lesson study, mathematics circles, or other learning 
communities) to read and discuss parts of this publication, to work togeth
er to build a deeper understanding of the mathematics topics in each Focal 
Point, and to plan how to help their students develop such understanding by 
adapting as needed their present grade 7 teaching and learning strategies and 
materials. A helpful approach for other teacher working groups has been to 
share students’ insights and questions and to look at students’ work to un
derstand different ways that students are solving problems, to address errors 
and misconceptions, and to help students move forward in a progression that 
fosters both understanding and fluency. Because teachers’ lives are busy and 
demanding, the reader is better served by concentrating on small portions of 
this publication at a time and working through them deeply instead of trying 
to do too much at once and getting discouraged. Teachers’ learning, like stu
dents’ learning, is a continual process that can be very rewarding. 

Bringing Focus into the Classroom: 
Instruction That Builds Understanding 
and Fluency 
Although the main goal of this publication is to present in more detail the 
mathematical content in each of the Focal Points, some important pedagogi
cal issues also need to be taken into account when creating an environment 
that supports focused instruction. Pedagogical principles for classrooms that 
do help students build understanding are outlined in Principles and Standards 
for School Mathematics (NCTM 2000) and in the National Research Council 
reports Adding It Up (Kilpatrick, Swafford, and Findell 2001) and How 
Students Learn: Mathematics in the Classroom (Donovan and Bransford 2005). 
An instructional environment that supports the development of understand
ing and fluency should be based on a logical progression of content that is 
connected across grades as well as within grades, should provide opportuni
ties for students and teachers to engage in mathematically substantive discus
sions, and should involve teachers and students in interpreting and creating 
mathematical representations to enhance their understanding.

An instructional-progression approach
An instructional progression of concepts and skills supports coherence across 
and within grades. The table at the beginning of each Focal Point out
lines the instructional progression and presents the mathematics suggested 
for grade 7 within the context of the related mathematics suggested for the 
grades before and after. Teacher study groups can work to identify gaps in 
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the knowledge of their students that might be causing them difficulties with 
the mathematics in grade 7. In addition, the instructional progression offers a 
view of the future mathematics in which students will be applying the knowl
edge and skills learned in grade 7.

In-depth instructional conversations
Students have little opportunity to build understanding in a classroom in 
which the teacher does all the talking and explaining. A valuable instructional 
approach is one in which teachers create a nurturing, meaningmaking com
munity as students use “math talk” to discuss their mathematical thinking and 
help one another clarify their own mathematical thinking, understand and 
overcome errors, and describe the methods they use to solve problems (Fuson 
and Murata 2007). Such discussions identify commonalities and differences 
as well as advantages and disadvantages across methods. By having students 
talk about their own strategies, teachers can help them become aware of, and 
build on, their implicit informal knowledge (Lampert 1989; Mack 1990). As 
the teacher and students learn to listen respectfully to the math talk of oth
ers, they model, structure and clarify, instruct or explain, question, and give 
feedback to enhance one another’s learning. As students’ understanding and 
fluency in various topics increase, the amount and type of class discussion re
lated to each topic will change. Indepth discussion of new topics should be
gin as more sophisticated, mature discussion of previously encountered topics 
continues.

Using mathematical representations
The use of mathematical representations, in particular mathematical draw
ings, during problemsolving discussions and explanations of mathematical 
thinking helps listeners better understand the speaker. The use of mathemati
cal drawings as a component of homework and classwork by both students 
and the teacher helps them better understand each other’s thinking and thus 
provides continual assessment to guide instruction as the teacher addresses 
issues that arise in such drawings and accompanying talk (e.g., errors or inter
esting mathematical thinking). Middle school teachers can use students’ prior 
knowledge as a basis for building new understandings (Webb, Boswinkel, 
and Dekker 2008). Students can deepen their mathematical understandings 
by being led to make connections between their own representations that are 
“often grounded in … experiences with real or imagined contexts” (p. 112) 
and new, less contextually bound representations purposefully introduced by 
the teacher. Examples are included throughout this publication as to how 
grade 7 teachers can help their students make the transition from concrete 
and numerical representations to algebraic reasoning, generalization, and ab
stract representations.
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An Important Grade 7 Issue: 
Proportionality
The grade 7 Focal Point on proportionality is a crucial one. Proportionality 
is a concept that underlies many of the mathematics topics studied in grade 
7. Students encounter proportionality in the use of scale factors to shrink and 
enlarge images, in the definition of similarity, in the justification of the exis
tence of π, and in the applications of percent. The related section of this pub
lication presents strategies that have students apply the concepts of ratio and 
proportionality in meaningful contexts. Students should be encouraged to 
connect their understandings of equivalent fractions and fraction representa
tions of ratios to representations of situations involving proportions. Students 
should then be given many opportunities to use the representations to build 
meaning for generalizable procedures for finding equivalent ratios to solve a 
problem involving a proportional relationship, such as “How much will 5.5 
pounds of gravel cost if 3 pounds cost $25?
 Proportionality permeates the mathematics that students learn in grade 7 
and in later grades. For example, students encounter proportionality in situa
tions involving similar figures, constant rate of change, and slope in the graph 
of a linear function. Therefore, much attention should be dedicated to build
ing meaning for the concept of proportionality and for the procedures used to 
solve for missing values in a proportion, with the goal being the ability to ap
ply those concepts and procedures effectively in problemsolving situations.
 The three grade 7 Focal Points and their Connections are reproduced on 
the following page.
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7

In grade 7, students develop an understanding of proportionality and apply 
that understanding to solve problems involving proportional relationships, 
including similarity. The goal is for students to be able to write a proportion 
to represent a problem involving proportionality and use the properties of 
proportionality to solve the problem.

Instructional Progression for 
Proportionality
The focus on proportionality in grade 7 is supported by a progression of re-
lated mathematical ideas before and after grade 7, as shown in table 2.1. To 
give perspective to the grade 7 work, we fi rst discuss some of the important 
ideas that students focused on before grade 7 that prepare them for learn-
ing about proportionality in grade 7. At the end of the detailed discussion of 
this grade 7 Focal Point, we present examples of how students will use their 
proportionality understandings and skills in later grades. For more detailed 
discussions of the “before” and “after” parts of the instructional progression, 
please see the appropriate grade-level books, for example, Focus in Grade 3, 
Focus in Grade 4, Focus in Grade 5, Focus in Grade 6, and Focus in Grade 8.

Table 2.1 represents an instructional progression for the conceptual 
understanding of proportionality before grade 7, during grade 7, and after 
grade 7.

Early Foundations of Proportionality
Students develop skills and understandings prior to grade 7 that they can use 
as they work with the concepts of proportionality taught in grade 7. Students 
have previously applied multiplicative thinking, developed an understanding 
of ratios including equivalent ratios, and solved ratio and rate problems using 
a variety of strategies involving multiplication and division. All these skills 
work together to facilitate students’ understanding of the concepts in this 
Focal Point.
 In grade 6, students strengthen and apply their understanding of mul-
tiplicative reasoning. That is, they understand that 2 times has a different 
meaning than 2 more than, 3 times has a different meaning than 3 more than, 
and so on. As students analyze and compare the representations shown in 
tables and in graphs with the same scales, as shown in fi gure 2.1, they begin 
to see the differences between an additive relationship and a multiplicative 
relationship.

Focusing on Proportionality2
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 In grade 6, students also explore multiplication as scaling. When a quan-
tity is multiplied by a number greater than 1, it is scaled up. When a num-
ber is multiplied by a positive number less than 1, it is scaled down. When a 
number is multiplied by 1, the identity element for multiplication, the num-
ber remains the same. The number by which you multiply is called the scaling 
factor (or scale factor).
 In grade 6, the focus on ratio and rate plays an important role in students’ 
building the foundation necessary to understand proportionality. Students 
learn that a ratio is a multiplicative comparison of two numbers, and they 
build from what they know about fractions to understand ratios. For example, 
students use ratios to represent part-to-whole relationships, part-to-part rela-
tionships, and whole-to-part relationships, as is illustrated in figure 2.2.

Table 2.1
Grade 7: Focusing on Proportionality—Instructional Progression for Proportionality

Before Grade 7 Grade 7 After Grade 7

Students devel-
op multiplicative 
thinking. 

Students develop 
an understanding 
of equivalent ratios.

Students solve rate 
and ratio problems 
using a variety of 
strategies involving 
multiplication and 
division.

Students develop an understanding of proportional 
relationships. 

Students graph proportional relationships and recognize 
the graph as a line through the origin with the constant of 
proportionality as the slope of the line.

Students express proportional relationships as y = kx 
and distinguish them from other relationships, such as 
y = kx + b, where b ≠ 0.

Students use understanding of percent as a ratio to solve 
a variety of problems including problems involving dis-
counts, interest, taxes, tips, and percent of increase or 
decrease.

Students develop an understanding of similarity as a geo-
metric relationship involving proportionality in which 
scale factors can be used to solve problems, for example, 
finding lengths in similar figures, distances on maps, and 
so on.

Students use proportionality to understand π and its use 
in determining the circumference and area of a circle.*

Students use their knowledge of proportionality to solve a 
wide range of problems involving ratios and rates.

Students understand the relation-
ships among the angle measures, side 
lengths, perimeters, areas, and volumes 
of similar objects and use these rela-
tionships to solve problems.

Students understand the relationship 
of a line’s slope to the similar triangles 
formed by using two points on the line 
as two vertices of a right triangle and 
the intersection of the “rise” and “run” 
segments related to those two points as 
the third vertex.**

*Appears in the Grade 7 Connections to the Focal Points (NCTM 2006).
**Appears in the Grade 8 Connections to the Focal Points (NCTM 2006).
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 Students also use their understanding of equivalent fractions to deter-
mine whether two ratios are equivalent, that is, whether the resulting frac-
tions are equal. They learn that equivalent ratios represent the same multipli-
cative comparison. They use various methods to model equivalent ratios, as 
shown in figure 2.3.
 In grade 6, students use a type of ratio, called a rate, to describe a com-
parison of two measurements that often involve different units, as shown in 
figure 2.4.
 Students also write a rate as a unit rate, that is, as an equivalent ratio with 
a denominator of 1 unit. Students learn that every rate situation can be writ-
ten in two ways with two different unit rates. For example, in the situation 
in which you can buy 6 pounds of apples for $3, the relationship can be de-
scribed as the rate 

Fig. 2.1. Examples showing an additive and a multiplicative relationship

Situation:  

Barb was 2 years old when her brother Jim was
born.  

Situation: 

You use 2 cups of grape juice for every cup of 
apple juice when you make fruit punch. 

Table representation: Table representation: 

Jim’s age (x) 0  1  2  3  4  

Barb’s age (y) 2  3  4  5  6  
 

Cups of apple juice (x) 1 2 3 4 

Cups of grape juice (y) 2 4 6 8 
 

Graphical representation: Graphical representation: 

Algebraic representation: 

y = x + 2 

 

Algebraic representation: 

y = 2x 

An additive relationship A multiplicative relationship 

Fig. 2.1. Example showing an additive and a multiplicative relationship 
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6 pounds
3 dollars

and as the unit rate in terms of pounds per dollar: 2 pounds per dollar or

2 pounds
1 dollar

.

The same situation can be described by the rate

3 dollars
6 pounds

and as the unit rate in terms of dollars per pound:

1 dollar per pound or
dollar

1 pound
0.50 do

2

1
2 , llalllal r

1 pound
or $0.50

1 pound
, .or, .or

1 p
, .

1 p nd
, .

nd

Green to all 

Comparison RatioRelationship

 
Part-to-whole 

Gray to all  

Gray to green  
Part-to-part 

Green to gray  

All to green  
Whole-to-part 

All to gray  

Fig. 2.2. Relationships that can be described using ratios



Focusing on Proportionality

11

 

 

 

 

 

 

  

  
  
  

 

Equivalent Ratios

1

1

2

3

4

5

6

7

8

9

10

11

12

1

2

3

4

5

6

7

8

9

10

11

12

2 3 4 5 6 7 8 9 10 11 12

2

4

6

8

10

12

14

16

18

20

22

24

3

6

9

12

15

18

21

24

27

30

33

36

4

8

12

16

20

24

28

32

36

40

44

48

6

12

18

24

30

36

42

48

54

60

66

72

8

16

24

32

40

48

56

64

72

80

88

96

5

10

15

20

25

30

35

40

45

50

55

60

7

14

21

28

35

42

49

56

63

70

77

84

9

18

27

36

45

54

63

72

81

90

99

108

11

22

33

44

55

66

77

88

99

110

121

132

10

20

30

40

50

60

70

80

90

100

110

120

12

24

36

48

60

72

84

96

108

120

132

144

  

3
10

=
6
20

=
9
30

, 

and so on.

Fig. 2.3. Representations of equivalent ratios



Focus in Grade 7: Teaching with Curriculum Focal Points

12

Students then use their understanding of ratio and rate to solve a variety of 
problems, such as the ones shown in fi gure 2.5.

Fig. 2.4. Examples of rates

RateRates :s :           80 word80 wordss
2 minutes2 minutes

           i incncheshes
4 4 fefeee

4848
ttttt

          100 100 ststudentudentss
4 bus4 buseses

          20 mile20 miless
3 hour3 hourss

Fig. 2.5. Sample problems involving ratio and rate

PrProblemoblemPrProblemPrPr  1 1     Class Class PaParty rty PrProblemoblem
YYou are planning ou are planning  a m a menu for a enu for a clclaass ss partyparty. Each student will . Each student will rereececrereecrere eieiveve one drinone drink ak at the part the party. ty. 
YYour teacour teacher telher telllsllsher telher telllsher telher tel  you that, fo you that, for r a a clclaass thss thisis size, you can  size, you can eexxxxxpecpect 3 out of 5 students to pt 3 out of 5 students to prerefefer r 
cocola, wherla, whereaseaseeeasee  2 out of 5 will pr 2 out of 5 will prefer lemonade. If, in faefer lemonade. If, in fact, thct, thccct, thcc isis p proroveves trs true for yue for your cour clalass ss ofof
30 s30 sttudeudeentsentsudeudeentsudeude , how m, how manyany students will want cola? How  students will want cola? How mamanynynnnynn will want lemonade?will want lemonade?

3 3 cocolalass
5 5 ststudentudent

SoluSolutitionontitiontiti

sssss
== 3 3 cocolalass

ststudentudentss
3 3 cocolalass

5 5 ststudentudentss
1818

55
66
66

66
66

× =× =× =× =
××
××

==
 colas colas

30 s30 sttudentudentss
 lem lemonadesonades
5 5 ststudentudentss

 lem lemonon2 22 2 lem lem2 2 lem lemonadesonades2 2onadesonades
==

adesadesaaadesaa
5 5 ststudentudentss

 lem lemonadesonades 66
5 5 ststudentudents 6s 6

1212
× =× =× =× =

××
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Focusing on Understanding and 
Applying Proportionality
As students begin their exploration of proportionality in grade 7, it is impor-
tant that they understand the language associated with proportions and pro-
portional reasoning. Students also need to be able to distinguish proportional 
relationships from relationships that are not proportional. The goal is for stu-
dents to gain the ability to use proportions to solve problems. When propor-
tionality becomes a focus in the curriculum in grade 7, students begin to see 
proportional relationships in problems that they previously solved.

Using language to develop understanding of 
proportionality
As students begin to develop an understanding of proportionality, they need 
to understand and properly use related mathematical terms, such as ratio, rate, 
proportion, proportionality, proportional relationship, unit rate, constant of pro-
portionality, and scale factor.
 A proportion is an equation stating that two ratios are equivalent. For 
example, 

3
4

6
8

=

can be interpreted as a proportion stating that the ratios 3/4 (3 to 4) and 6/8 
(6 to 8) are equivalent. This proportion can be thought of as “3 is to 4 as 6 
is to 8.” Because a proportion is a statement that two ratios are equivalent, 
students can build on their understanding of ratios and equivalent ratios to 
develop an understanding of a proportion. The term proportionality refers to 
the property that one quantity is a constant times another. A proportional re-
lationship exists when a relationship between two quantities can be described 
by a set of equivalent ratios. Proportional reasoning is used along with known 
quantities to fi nd unknown quantities. 

A teacher might introduce the characteristics of a proportional relation-
ship to students using the following situation:

Suppose you walked 3 miles in 1 hour. Now suppose that you repeated 
this for a second hour and a third hour and a fourth hour.

Refl ect As You Read
Considering the importance of understanding ratios and rates as essential background 
knowledge, refl ect on your school’s curriculum and how much your students know 
about these topics prior to the grade 7 focus on proportionality.
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The instructional goal is for students, after working with proportionality over 
time in various contexts, to be able to summarize, in their own words, the fol-
lowing ideas about the given proportional relationship:

• With the additional assumption that all the walking takes place at 
the same speed, the distance traveled is proportional to the time 
elapsed, and for elapsed time period “x”, the distance traveled is “3x,” 
so the proportional relationship can be represented with the equation 
y = 3x. 

• Substituting the elapsed time values 1, 2, 3, and 4 into the equation 
for x gives the related distance-traveled values 3, 6, 9, and 12.

• A table that includes the ordered pairs (1, 3), (2, 6), (3, 9), (4, 12) is a 
partial representation of the proportional relationship.

• The points located by these ordered pairs lie on a line that goes 
through the origin that is described by the equation y = 3x.

• The ratios y:x for every point on the line are equivalent.

To help students reach this learning goal, teachers can provide opportunities 
for students to engage in the following types of experiences and discussions.
 In the given situation, the proportional relationship described is between 
distance traveled and time elapsed. Students should notice that one may 
choose any two distance-time pairs and use them to write a proportion. For 
example, students may choose 3 miles in 1 hour and 6 miles in 2 hours and 
can write the proportion

3 6mile3 6mile3 63 6s3 6
1 hour

miles
2 hours

= .

Students also can write

3 6
1 2
=

if the measurement units of miles and hours are understood.

 The ratios 3 miles/1 hour and 6 miles/2 hours are representations of a 
rate; each is a ratio of two quantities that, in this situation, are measured in 
different units. A unit rate is a rate in which the numerical part of the de-
nominator is 1, so 3 miles/1 hour is a unit rate. The numerical part of the nu-
merator of a unit rate can be called the constant of proportionality for that pro-
portional relationship. In the proportional relationship represented by

3 6mile3 6mile3 63 6s3 6
1 hour

miles
2 hours

= ,

the constant of proportionality is 3 when comparing distance traveled in 
miles to elapsed time in hours; that is, the distance traveled in miles is 3 times 
the number of hours of time elapsed. The constant of proportionality is also 
called the scale factor.
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 By observing the patterns in a set of equivalent ratios that describe a pro-
portional relationship, students may conjecture that the relationship between 
the numerators (y) and denominators (x) of the equivalent ratios can be de-
scribed by the equation 

y kxy kxy k
y

x
k= == =y k= =y kx= =xy kxy k= =y kxy k or= =or= = ,

(which are equivalent except when x = 0) where k represents the constant of 
proportionality (or scale factor) of the relationship. The proportional relation-
ship that exists when k = 1 is represented by the equation y = x. In the 
distance-time relationship represented by the equivalent ratios

3 miles
1 hour

6 miles
2 hours

9 miles
3 hours

12
= == = =

milemmilem s
4 hours

,

the proportional relationship can be represented by the equations 

y = 3x
and 

y
x
= 3,

so the constant of proportionality, or scale factor, is 3.

 For any ratio that describes a relationship, another ratio can be formed 
using the reciprocal to describe an equivalent relationship. For example, the 
relationship described by the proportion

3 6mile3 6mile3 63 6s3 6
1 hour

miles
2 hours

=

can also be described by a proportion using the reciprocals of the ratios:

1 hour
3 miles

2 hours
6 miles

= .

The unit rate for this second proportion can be obtained by dividing the nu-
merator and denominator by 3: 

1 hour 3
3 miles 3

hour

1 mile
÷r 3÷r 3
÷
=

1
3 ,

or 

1
3

hour per mile.
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 The constant of proportionality, k, is 1/3 when comparing hours of time 
elapsed to miles traveled; that is, the number of hours elapsed is 1/3 times the 
number of miles traveled. Figure 2.6 shows in table form and graphically the 
two representations of the proportional relationship in the given hiking situa-
tion. As students explore proportional relationships, they learn that the points 
in the graph of any given proportional relationship are collinear and lie on a 
line that passes through the origin. 

Comparing proportional relationships with relation-
ships that are not proportional
As students focus on proportionality, they begin to develop the ability to dis-
tinguish between relationships that are proportional and relationships that 
are not proportional. A proportional relationship is described by a constant 
of proportionality. Figure 2.7 shows two linear relationships; one is a propor-
tional relationship and one is not a proportional relationship.
 The equation  y = 2x that models the relationship in the left-hand col-
umn of figure 2.7 is in the form  y = kx and models a proportional relation-
ship in which k, the constant of proportionality, is equal to 2. The equation y 
= 2x + 2.50 that models the relationship in the right-hand column of figure 
2.7 is in the form y = mx + b. An equation in this form models a linear rela-
tionship but not a proportional relationship—unless b = 0. If b = 0, the equa-
tion y = mx + b is equivalent to y = mx, which models a proportional relation-
ship whose constant of proportionality is represented by m rather than k. A 
proportional relationship is a special case of a linear relationship. The graph 
of a linear relationship is a line; if that line is not vertical and passes through 
the origin, then the linear relationship is also a proportional relationship. 
Examples of other relationships that involve multiplication but are not pro-
portional are shown in figure 2.8.
 Students can distinguish proportional relationships from relationships 
that are not proportional by analyzing the graph of the relationship. The ratio 
of any x-value to its corresponding y-value should be equivalent to the ratio 
of any other x-value to its corresponding y-value. In a proportional relation-
ship, every y-value is a product of the constant of proportionality, k, times the 
corresponding x-value. But in a relationship that is not proportional, no con-
stant of proportionality is involved. Thus, we recognize that a relationship is 
not proportional when we learn that the ratio y/x can be different for differ-
ent points (x, y), as illustrated in figure 2.9.

Reflect As You Read
How would your students think about this problem: 

 You buy 2 packages of trading cards for $6. How much would it cost to buy 10 packages? 

What representations are they comfortable using? Can they reason through any procedures 
for solving this problem?
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Fig. 2.6. Tables and graphs for the proportional relationship that can be represented by y = 3x and y = (1/3)x, 
where the constants of proportionality are k = 3 and k = 1/3

hours,  x  1 2 3 4 5 6 

miles,  y 3 6 9 12 15 18 
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Fig. 2.7. Comparing a proportional relationship and a relationship that is not proportional
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Proportional Relationship

Chicken costs $2 per poound.
Let  = number of dollars.
Let  = number 

y
x oof pounds.

Then  models this relationship.
T

y x= 2
hhe graph is a line through the origin.

You can wwrite many proportions for 
this relationship; oone proportion is

2 dollars
 pound

8 dollars
4 p1

=
oounds

The unit rate (unit cost) is 2 dollars
1 

.

ppound
 or 2

dollars per pound, and 2 is the con

,

sstant
of proportionality. In other words, no mattter 
how many pounds of chicken you buy in
this  situation, the cost per pound is 
constant.

Relationship That Is Not Proportional

Chicken cossts $4.50 for the first pound, with a
miminum puurchase of one pound, and $2 for each
additionall pound.
Let  = number of dollars.
Let  = numb

y
x eer of pounds.

Then  for  models thiy x x= + ≥2 2 50 1. ss relationship.
The graph is a line not through  the origin.

This is not a proportional relationnship. and
therefore it involves no constant of  
proportionality. In other words, when you buy  
different numbers of pounds of chicken in thiss 
situation, the cost per pound varies.

• = +

• =

y x• =y x• =

y• =y• = x

3 1+3 1+y x3 1y x
2

23 123 1 (a quadratic relationship)
an exp( onential relationsoonential relationso hip)

•  •  (an inversely va• =y• =y• =
x

5 1 ryrryr ing relationship)

Fig. 2.8. Examples of relationships that involve 
multiplication but are not proportional
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Developing proportional reasoning
Students have used proportional reasoning to solve problems prior to their 
formal study of proportionality. Thus, they should be encouraged to use rep-
resentations related to their previous understandings as they learn about the 
properties of proportionality, as illustrated in the following classroom discus-
sion of this problem: 

If the cost of trading cards is two packs for $6, how much will it cost to 
buy 10 packages?

 Teacher: As I was walking around, I saw that you used different methods 
to find the answer. Larry, can you explain how you solved the problem?
 Larry: Sure. I knew that if I could figure out the cost of 1 package, then I 
could use multiplication to find the cost of 10 packages. You can buy 2 pack-
ages for $6, so you can divide both 2 and 6 by 2 to find that you can buy 1 
package for $3. And, since you can buy 1 package for $3, the cost of 10 pack-
ages is 10 × $3, or $30.

 The teacher should realize that Larry’s representation includes an impor-
tant and useful concept—unit rate. Unit rate plays an important role in pro-
portionality because it can be used to connect students’ intuitive understand-
ings of proportionality to an understanding of constant of proportionality, or 
scale factor. 

 Teacher: Interesting approach, Larry. Maura, I noticed that you used a ta-
ble as part of your solution process. Can you show your table and explain how 
you used it to solve the problem?

Fig. 2.9. Example illustrating equivalent ratios and a constant of proportionality in a proportional  
relationship but not in a relationship that is not proportional

 

x 1 2 3 4 

y 2 4 6 8 

Ratio:      

Ratio in 
r/1 form     

 The constant of proportionality is 2. 

Proportional Relationship Relationship That Is Not Proportional

   y = 2x + 2.50 

x 1  2  3  4  

y 4.50 6.50 8.50 10.50 

Ratio:      

Ratio in 
r/1 form     

 No constant of proportionality is involved. 
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 Maura: Here is the table that I made. 

 I fi lled in a column to show 2 packages for $6. Then I used the same 
ratio over and over again to fi ll in more columns until I had the column 
with 10 packages. That column shows the answer. It would cost $30 to 
buy 10 packages.

 The teacher notes that Maura made a ratio table. Ratio tables are impor-
tant tools for understanding proportionality because they highlight an impor-
tant characteristic of proportional relationships. The pairs of numbers in the 
table form equivalent ratios. Each pair of numbers in the table has the same 
multiplicative relationship, that is, the x-value (top row in Maura’s table) is 
multiplied by the same number to get the y-value (bottom row in Maura’s 
table). 

 Teacher: I understand. Amy, I noticed that your method of solving the 
problem was different than Larry’s or Maura’s. Can you explain your method?
 Amy: I used ratios. I fi gured that the ratio of $6 to 2 packages must be 
equal to the ratio of the unknown cost to 10 packages. I wrote it like this:

$ .6
2 10packages2 1packages2 1 packages

=
x

Then I realized that I needed to multiply 2 by 5 to get 10, so I multiplied 6 
by 5 to get 30. So the cost of 10 packages is $30.

 Amy used what she knew about equivalent ratios to solve the problem. 
The teacher should realize that without using proportionality language, Amy 
used a pair of equivalent ratios to represent a proportion to solve the problem. 
Referring to the classroom discussion, the teacher now has an opportunity to 
introduce some useful representations that will help students connect the rep-
resentations they have created from their current understanding to more for-
mal representations of proportionality, as illustrated in the continuation of the 
classroom discussion.

 Teacher: Larry, Maura, and Amy all used different methods to fi nd the so-
lution to the problem, yet all their methods included multiplication and divi-
sion. We can link these methods by using a strip model. We need to compare 
$6 to 2 packages.

42Number of
Packages

Cost

6 8 10

126 18 24 30
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Then we need to repeat the model of the comparison enough times so that 
we end up with 10 packages. What operation can we use to represent what 
we are doing? [multiplication]

 Strip models can also be used to show scaling down, for example, if you 
are given that 10 packages cost $30 and you need to find the cost of 2 pack-
ages. (Scaling up can be accomplished by multiplication; scaling down can be 
accomplished by division.) The strip model is a powerful representation be-
cause it can be applied in a wide variety of proportional situations. Once stu-
dents understand how their models are related and how they can use a strip 
model to represent the relationships in the problem, the teacher can connect 
students’ understanding of the problem to proportionality, as shown in the 
continued classroom discussion that follows.

 Teacher: Let’s use the strip model to make a table. The first strip shows 
that the cost of 2 packages is $6. Record this relationship in the first column 
of the table. Two of these strips show that 4 packages cost $12. Record this 
relationship in the second column of the table. Continue using the strips to 
record the relationships.

 The number pairs shown in the table, that is, 2 packages for $6, 4 pack-
ages for $12, 6 packages for $18, and so on, can be written as equivalent 
ratios: 

$6

2 packages

6 12 18 24 30

2 4 6 8 10
Number of
Packages

Cost

$30

$6 $6 $6 $6 $6

2 packages 2 packages 2 packages 2 packages 2 packages

10 packages



Focus in Grade 7: Teaching with Curriculum Focal Points

22

$ $ $ .6 1$ $6 1$ $ 2 1$2 1$ 8
2 packages 4 packages 6 packages

= == =

We say that there is a constant ratio between dollars and packages, so the 
relationship between dollars and packages in this problem is proportional. If 
we divide 6 and 2 in the ratio 

$6
2 packages

by 2, we get the equivalent ratio 

$3
1 package

$6
packages

$30
10 packages

, ,
packages

, ,
packages

.
2

, ,
2

, ,

which is the unit rate in this situation. We can also use strips to show this 
relationship.

 Any two ratios represented in the table are equivalent ratios. To indicate 
their equivalence, we write, for example, 

$6
2 packages

$30
10 packages

= .

An equation that expresses the equivalence of two ratios is a proportion.

 Once students are able to connect their prior understandings to the con-
cept of proportions, teachers can then show students how to solve the same 
problem by writing a proportion with a missing value and then fi nding that 
missing value. For example, in the previous classroom discussion, a teacher 
might continue as follows.

 Teacher: When Amy represented the relationships in the problem using 
equivalent ratios,

$6

2 packages

$3

1 package

$3

1 package
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$6
2 packages 10 packages

=
x ,

she was actually writing a proportion. Since there is a constant multiplicative 
relationship between the number of packages and the number of dollars, you 
can use a proportion to represent that relationship. Then you can solve the 
proportion by fi nding the unknown value.

 One of the teacher’s tasks during instruction is to introduce representa-
tions that help students connect their informal representations of proportion-
ality to the desired formal representations, for example, writing a proportion. 
Classroom discussions such as the previous ones help teachers determine the 
understandings that students bring to the discussion of proportionality. For 
example, students may create their own ratio table or use the equivalent ratios 
method to represent proportionality on the basis of what they already know. 
For other students, it might be necessary for the teacher to introduce the idea 
of a ratio table or the use of equivalent ratios. Regardless of the level of un-
derstanding that each student brings, the teacher needs to introduce the ap-
propriate representations that will guide the student through the connection 
of prior experiences with proportionality to a more formal representation of 
a proportion. An understanding of the formal representation of a proportion 
provides students with an effi cient and effective way to solve problems in-
volving proportionality.

Solving for a missing value in a proportion
As a result of building understanding of proportionality, students should be 
able to recognize a proportional relationship in a problem, set up a propor-
tion with a missing value that can be used to solve the problem, and use an 
effi cient method to fi nd the missing value, as shown in fi gure 2.10.

For students to apply these techniques effectively, it is important that 
they have a solid understanding of proportionality and an understanding of 
why the cross multiplication procedure works. Teachers want to ensure that 
students build this algorithmic procedure from a strong mathematical foun-
dation so that they can transfer its use to other appropriate situations and do 
not try to use it in inappropriate situations.

Refl ect As You Read
How might you help students connect their own procedures for determining the missing 
value in this proportion to the use of a generally applicable procedure, such as cross 
multiplication? How might you explain to your students why cross multiplication works?
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 Once students feel comfortable with using proportions to represent pro-
portional situations, they can use several methods to fi nd a missing value in 
the proportion. In initial explorations of solving proportions, students will 
draw on their ability to form equivalent fractions and ratios to solve for a 
missing value in a proportion. Examples of this method are shown in fi gure 
2.11.

Fig. 2.11. Using equivalent ratios to fi nd missing values in proportions

Problem: Janie is reading a 32-page chapter of a book. She read 
6 pages in 15 minutes. If she continues to read at the same rate, 
how long will it take her to read the entire chapter?

Solution:
66

1515
==

= ⋅= ⋅
==
==

3232

6 16 1= ⋅= ⋅6 1= ⋅= ⋅5 35 3= ⋅= ⋅5 3= ⋅= ⋅ 22
66 480480

8080

xx
6 16 1x6 16 1

xx
xx

It will take Janie 80 minutes to read the entire chapter.

Fig. 2.10. Example of a proportionality problem and a solution

Solve . 

Solution: 

 

Solve . 

Solution: 

 

Think, “15 divided by what number equals 5?”  
Reason, “15 divided by 3 equals 5, so to form 
equivalent ratios, I need to divide 18 by 3 to find the 
unknown denominator.” 

So x = 6. 

Think, “3 times what number equals 12?”  
Reason, “3 times 4 equals 12, so to form equivalent 
ratios, I need to multiply 2 by 4 to find the unknown 
numerator.” 

So x = 8. 

x

x

x

x
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 With carefully crafted examples, however, students quickly realize that 
this method is not easy to apply to all proportions. Consider the example in 
figure 2.12.

 

With an increase in the sophistication of the problems that students solve, 
they become aware that they need another method, other than the equiva-
lent ratio method, to find a missing value in a proportion. Thus, a reason for 
teachers to introduce another method for finding a missing value in a propor-
tion arises.
 Cross multiplication or finding the cross product is a method that is efficient 
and commonly used to solve for an unknown value in a proportion. As previ-
ously stated, however, it is important that teachers and students understand 
why the cross-product method works. To build students’ understanding of the 
method of cross multiplying to find a missing value in a proportion, teachers 
should start with students’ understanding of equivalent fractions, for example, 
6/9 and 4/6. Prior to grade 7, students have used common denominators as 
one way to verify that two fractions are equivalent. They have learned that 
when equivalent fractions that look different are rewritten with the same de-
nominators, their numerators are then also the same. So to show that 6/9 is 
equivalent to 4/6, students can rewrite the fractions with a common denomi-
nator. One obvious common denominator they can use is the product of the 
two denominators, 9 × 6 = 54. To write 6/9 and 4/6 as equivalent fractions 
with denominator 54, they can use the procedure shown in figure 2.13.
 As students can see from their work in figure 2.13, when 6/9 and 4/6 
are written as fractions with a denominator of 54, they are both equivalent 
to 36/54, so they are equivalent fractions. Students can build on this founda-
tional understanding of equivalent fractions and the understanding of ratios 
represented as fractions to find a missing numerator or denominator that will 
make two ratios equivalent, as shown in figure 2.14.

Fig. 2.12. Example that illustrates the limitations of the “form an equivalent ratio” 
method of finding the missing value in a proportion

. 

 

 

 
Think, “9 divided by what number equals 6?” 
There is not a whole number that will do this.  
This method is not as easy to use for this proportion. 

 

Solve 
x

x
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 Once students develop a conceptual understanding behind the procedure 
in fi gure 2.14, teachers can connect this understanding to proportions. They 
can point out that

6
9 6
=

x

is a proportion with a missing value and that, by using the procedure in fi gure 
2.14, they have found the value of x that solves the proportion.
 After completing various examples such as the one in fi gure 2.14, stu-
dents will begin to realize that in every instance, once they have used the 
products of the denominators as a common denominator to translate the two 

Fig. 2.13. Using common denominators to verify that two fractions are equivalent

6
9 = 6 6

9 6 = 36
54 

4
6 = 4 9

6 9 = 36
54 

 
 

Write each fraction as an equivalent fraction that has 54 as its 
denominator. 
 
 
 

Because  and  are both equivalent to , they are 

equivalent to each other by the transitive property of equality. 

 =

Fig. 2.14. Finding equivalent ratios by using common denominators

Find the value of x that makes  true. 

Write each fraction as an equivalent fraction that has 
54 as its denominator. 

Because  is equivalent to , 36 must be equal to 9x, 

and x = 4. 

 

.
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fractions into equivalent forms, they need only to fi nd the number that makes 
the numerators equivalent and can disregard the denominators. On further 
analysis, they should realize that this procedure is the same as multiplying the 
numerator of one ratio by the denominator of the other ratio and setting it 
equal to the product of the denominator of the fi rst ratio and the numerator 
of the other ratio, as illustrated in fi gure 2.15. Thus, the cross-product meth-
od is a shortcut for representing the numerators when the original ratios are 
written as equivalent ratios with the products of the original denominators as 
the common denominator of the new ratios.

Fig. 2.15. Example illustrating the cross-product method as a short-
cut for representing the numerators of equivalent ratios with common 

denominators

Specifi cally, since

6
9

6 • 6
9 • 6

36
54

= == =

and 

x x x
6

• 9
6 • 9

9
54

= == = ,

the original equation can be replaced by the equivalent equation, 

36
54

9
54

=
x .

But two fractions are equal if and only if their numerators are equal, so this 
equation is solved by solving the equation formed by setting the two numera-
tors equal, that is, by solving 36 = 9x. Dividing each side of this equation by 9 
identifi es the solution x = 4.
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 This relationship can also be shown algebraically and can be applied to 
any proportion a/b = c/d where b ≠ 0 and d ≠ 0, as shown in fi gure 2.16.

Fig. 2.16. Algebraic representation of the cross-product method

 Once students have gained a conceptual understanding of the cross-
product method and can use it meaningfully to fi nd missing values in propor-
tions, teachers can revisit previously solved problems and show students how 
they can solve these problems and similar problems by using cross products, 
as is illustrated in the classroom discussion that follows.

 Teacher: Remember the problem in which you buy 2 packages of trad-
ing cards for $6 and you want to fi nd out how much it would cost to buy 10 
packages? We discovered that we could use proportionality to represent this 
problem. We wrote the proportion 

6
2 10
=

x .

We found that the answer to this problem was $30. Can anyone tell me how 
we could have used cross products to fi nd the answer?

 Michelle: I think I can. If I write the equivalent ratios as equivalent frac-
tions with 2 × 10 as the denominator of the new fractions, I would write

6 10
2 10

2
10 2

60
20

2
20

6 1•6 1
2 1•2 1

•
•

=

=

x

x .

Then I would fi nd the value of x that would make 2x equal to 60. But I know 
now that the shortcut way of getting the numerators is to cross multiply, so I 
can cross multiply and solve for x:
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6
2
= x

10
6×10= 2x

60= 2x
30= x

Teacher: You applied cross products correctly, Michelle. But why would 
we need to learn how to solve this problem using cross products when we al-
ready know the answer? Consider this problem: You buy 10 packages of trad-
ing cards for $8. How much would it cost to buy 24 packages? This is the 
same type of problem as we just solved. What proportion can we write to 
represent this problem?
 Jeff: The problem says you spend $8 for 10 cards and an unknown 
amount of dollars for 24 cards, so I can write

8
10 24
=

x .

Teacher: Look at Jeff ’s proportion. It is not as easy now to make equiva-
lent ratios by fi nding a number times 10 that makes 24. Can anyone tell me 
how they could use what they have learned about common denominators to 
solve this problem?

Chas: Yes, I see how to fi nd the answer! I can use cross products to fi nd 
the numerators if the common denominator was 10 × 24: 

8
10=

x
24

8×24=
192=
19.2= x

10x
10x

So 24 packages cost $19.20.

 As students solve various problems such as the ones in the previous class-
room discussion, they will begin to appreciate the power of using proportions 
and cross products to represent and solve problems involving proportionality. 
By connecting the application of cross products to the creation of equal ratios 
in a proportion, students may avoid common misapplications of cross prod-
ucts (e.g, when adding, subtracting, or multiplying two fractions). 

Strengthening Understanding of 
Proportionality through Problem 
Solving
It is important that students solve proportionality problems that include a 
variety of contexts and types. Some important types of problems include 
missing value, numerical comparison, qualitative comparison, and qualitative 
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prediction. Teachers can read about these kinds of problems in Navigating 
through Number and Operations (Rachlin et al. 2006). Problem-solving ex-
periences should also be carefully constructed to help students contrast pro-
portional relationships and relationships that are not proportional. Teachers 
should also present problems that help students understand how to apply 
proportionality to solve problems related to different topics in mathematics, 
such as similarity, slope, and percent.

Problems that contrast proportional relationships and 
relationships that are not proportional
To help students learn to distinguish proportional relationships from rela-
tionships that are not proportional, teachers should present students with 
pairs of problems that use the same context but in which the relationship in 
one problem is proportional and the relationship in the other problem is not 
proportional. After students have solved the problems, they can learn how 
to compare their solution methods and their dependence on the characteris-
tics of proportional relationships and relationships that are not proportional. 
Those characteristics are identifi able in graphs and tables, so teachers should 
help students revise or supplement their solution methods as needed to incor-
porate graphs and tables. Pairs of problems, such as the ones shown in fi gure 
2.17, can help solidify students’ understanding of proportionality.
 Although all the points on the graphs in each of the problems in fi gure 
2.17 lie on a straight line, the problems involve discrete data, not continuous 
data, so dotted lines rather than solid lines should be used. Furthermore, the 
lines on the path in the graph in problem 1 lie on a straight path through the 
origin; therefore the graph represents a proportional relationship.
 After students have solved these problems, teachers should have students 
compare the data found in the tables as well as compare the graphs. As stu-
dents develop their understanding, they will begin to realize that in problem 
1, the related x- and y-values in the table create equivalent ratios:

y
x
= == = = == =…

number of cents
number of meters

40
50

80
100

===
4
5

and that every y/x ratio is equivalent to 4/5. In problem 2, no such constant 
ratio exists. Students, then, begin to identify the relationship in problem 1 as 
proportional and the relationship in problem 2 as not proportional.
 As students analyze the graphs of the relationships, they should realize 
that the points on the graph of the relationship in problem 1 are contained in 
a line that passes through the origin; the points on the graph of the relation-
ship in problem 2 are also contained in a line, but it does not pass through the 
origin. Again, after many experiences with similar pairs of problems, students 
will begin to recognize the graph of a proportional relationship as a line that 
passes through the origin, and that any other type of graph (either nonlinear 
or a line not passing through the origin) indicates a relationship that is not 
proportional.
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Fig. 2.17. Pair of problems that helps students learn the difference between proportional relationships  
and relationships that are not proportional

Problem 1: Ray is participating in a fund-raiser at his swim club. He is signing up people to pledge
donations based on how many 50-meter laps he swims. His first pledge agrees to donate $0.40 for 
every 50 meters he swims. If Ray swims 400 meters, how much will he earn from that pledge? Set up 
a table, and make a graph as you solve the problem.  

Solution:

Meters (x)   50 100 150 200 250 300 350 400 450 500 
 

Cents (y) 40 80 120 160 200 240 280 320 360 400 
 

 

 

Ray will earn 320 cents, or $3.20, from his first pledge. 
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(Continued on next page)
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Similar geometric figures
Among many important proportionality problems that students will encounter 
are problems involving similar geometric figures. These problems will include 
the most familiar type—finding measures of sides of similar polygons—and 
might also involve applications in other contexts, such as maps, scale drawings, 
and three-dimensional scale models. In these contexts, the constant of propor-
tionality is often called the scale factor. When a figure “grows,” the constant of 
proportionality, or scale factor, k, is greater than 1. When the figure “shrinks,” 

 Amanda will earn 340 cents, or $3.40, from her first pledge.
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x 

 

y  

 (400, 340) 

 

Problem 2: Amanda is participating in the same fund-raiser. Her first pledge agrees to donate $1.00, 
plus $0.30 for every 50 meters she swims. If Amanda swims 400 meters, how much will she earn from 
that pledge? Set up a table, and make a graph as you solve the problem. 

Solution:

Meters  (x) 50 100 150 200 250 300 350 400 450 500 

Cents   (y) 130 160 190 220 250 280 310 340 370 400 

 

Fig. 2.17. Pair of problems that helps students learn the difference between proportional relationships  
and relationships that are not proportional—Continued
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k is less than 1 but greater than 0, and if the figure stays the same, k is equal to 
1. In that situation, the first figure is the same size and shape as, or congruent 
to, the second figure. Congruence is one type of similarity.
 Students should first be presented with similar figures with measures of 
all sides and angles given. Students should learn that for two figures to be 
similar, all pairs of corresponding angles are congruent and all pairs of corre-
sponding lengths are proportional (form the same ratio). Therefore, in similar 
figures, the length of any side of one figure times the constant of proportion-
ality, or scale factor, k, is equal to the corresponding length of the other figure, 
and the ratio of any two lengths in one figure is equal to the ratio of the cor-
responding lengths in a similar figure. These properties are illustrated in the 
example in figure 2.18.
 After students have had many opportunities to analyze the relationships 
in similar figures, they can use what they have observed to solve problems in-
volving similar figures, for example, problems in which side lengths are not 
known, as illustrated in figure 2.19. Note that understanding of efficient solu-
tion strategies for these problems is dependent on previously developed un-
derstanding of the properties of proportionality and similarity and the con-
nection of cross multiplication to the creation of equivalent ratios.

Slope
Graphs of proportional relationships can be used to introduce the idea of the 
slope of a line. A problem-solving situation involving proportionality, such as 
the one shown in figure 2.20, provides a purposeful opportunity for students 
to learn that the ratio of the change in y to the change in x between any two 
points on a line graph is constant and that this constant ratio, or constant rate 
of change, is called the slope of the line.
 As shown in figure 2.21, teachers can help students use their graphs to 
see that the change in y is proportional to the change in x because the ratio 
of the change in y to the change in x has the constant value 2, regardless of 
which two points on the line are used. Then teachers can point out that this 
constant ratio, 2/1 or 2, represents the slope of this line. Students should be 
guided to notice that the slope of the line representing the proportional re-
lationship between minutes and pictures printed is equal to the constant of 
proportionality in the relationship, and they should be encouraged to test this 
out on other graphs of proportional relationships. In later grades students will 
extend their exploration of slope to include linear relationships that are not 
proportional and will use slope to solve problems.

Percent
In their work with rational numbers in grade 7 students learn to represent 
percents with fractions and decimals. Since fractions can be used to represent 
ratios, and percents are ratios, then fractions and their equivalent decimal 
forms can be used to represent percents. For example, students learn that a 
percent is a ratio of a part of 100 to the total of 100. For example, 50 percent 
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means 50 out of 100, or 50/100. Because percents are ratios, students can use 
proportionality to solve problems involving percent, including problems in-
volving discounts, interest, taxes, tips, and percent of increase and decrease. 
In initial experiences, students should use strip diagrams, or percent bar rep-
resentations, to model percents. Percent bar representations, such as the one 
shown in figure 2.22, can help students understand percents conceptually and 
get a sense of a reasonable answer. Using the bar model makes it easier for 
students to set up the correct proportion.

Fig. 2.18. Proportional relationships in similar triangles
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 Percent problems are often described as falling into one of three catego-
ries—finding part of a whole, finding a percent, and finding the whole when 
given the percent. Some students have difficulty determining into which of 
these categories a problem fits, and consequently they are unsure about how 
to solve the problem. But all three types of problems can be solved by begin-
ning with the same generic proportion, and learning this strategy helps many 
students avoid the uncertainty. The following generic proportion can be used 
to solve all three types of percent problems: 

Fig. 2.19. Using properties of similarity to find the length of a side of a triangle
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Problem: ABC and PQR are similar. Find the length of QR.

Solution 1: All corresponding lengths in similar  figures are proportional, so 
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Fig. 2.20. Example of a problem that can be used to introduce the concept of slope

Problem: You have 36 pictures to print for your scrapbook. In 5 minutes, your printer 
prints 10 pictures. If the printer continues to print at the same rate, how many 
minutes will it take to print 36 pictures? Use a table and a graph to illustrate 
your solution.   

 
Solution: Make a table. 

Minutes (x)   5 10 15 ? 20 
Pictures (y)   10 20 30 36 40 

 
Use any pair of numbers from the table along with 36 pictures and its corresponding 

unknown number of minutes to write a proportion and solve. 

 

It will take 18 minutes to print 36 pictures.

Use the table to make a graph.
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Fig. 2.21. Example illustrating the proportionality of slope
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Fig. 2.22. Example showing how to use a percent bar representation

 

 

    

 

 

There are 284 people at the play, and 25% of them are students. How many students are at 
the play? 

 

71 is 25% of 284, so there are 71 students at the play. 

100% 

284 people 

25% 

? people 
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part
whole

=
p

100
,

where 

p
100

is the fractional form of the ratio representing the percent ( p%). Figure 2.23 
shows the three types of percent questions, a percent bar diagram, and a 
solved example for each type.

 Students can also apply their understanding of proportionality and per-
cent to problems involving circle graphs. Two sample problems are shown in 
fi gure 2.24.

Fig. 2.23. Using the same proportion to solve three different types of 
percent problems

Problem Type 
(p% of whole = part) Example Bar Diagram Solution 

Finding part of a 
whole: 

40% of $25 = part. 

The regular price 
of a skirt is $25. 
The skirt is on 
sale for 40% off. 
What is the 
savings? 

 

 

 

     
  

The savings is $10. 

Finding a percent: 

p % of $25 = $10. 

The regular price 
of a skirt is $25. 
The skirt is on 
sale for $10 off. 
What percent of 
the regular price 
is the savings? 

 

 

 

 

     
  

The savings is 40% of the 
regular price. 

Finding the whole: 

40% of whole = $10. 

A skirt is on sale 
for 40% off. With 
the sale you save 
$10. What is the 
regular price of 
the skirt? 

 

 

 

     
  

The regular price is $25. 

100% 
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40% 

s dollars 

p% 

$10 

$25 

100% 

40% 

$10 

r dollars 

100% 



Focusing on Proportionality

39

Strengthening Understanding through 
Connections
As students become aware of connections among mathematical concepts, 
they gain a more thorough understanding of the concepts. Becoming aware 
of how proportions are used in different mathematical topics will help stu-
dents deepen their understanding of proportionality. Students can connect 
their developing proportional reasoning skills to contexts involving measure-
ment, circles, data analysis, and probability.

Fig. 2.24. Using proportionality and percent to solve problems involving circle graphs 

Problem 1:  A group of 80 students voted to choose a seventh-grade team name for Sports Day. The 

results are shown in the table. Mariah, the class president, is making a circle graph to represent the 

results. What is the angle measure that corresponds to the sector of the circle that goes with Raiders?  

Solution: 

 

 

The sector for Raiders is 54 degrees. 

Problem 2:  Mariah made the circle graph to show the results of the Sports Day name survey from 

problem 1. What percent of the students voted for Raiders as the team name? 

 

 

 
Solution:  Find what percent of 80 is 12. 

Name Votes 
Panthers 16 
Bears 20 
Raiders 12 
Comets 32 
 

Raiders  

Panthers 
Bears 

Comets  

16  

32  

20  

12  

 

15 percent of the students voted for Raiders as the team name. 
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 Students learn that they can use proportionality to convert from one unit 
of measure to another, as shown in figure 2.25. The conversion factor is the 
same as a scale factor.

Fig. 2.25. Example showing how to use proportions to convert between 
units of measure

The proportional relationships involved in similarity are also the basic con-
cepts underlying the formulas for circumference and area of circles. Because 
all circles are similar to one another, the ratios of the circumference (C ) of 
any circle to the diameter (d ) of that circle are equivalent to one another. It is 
known that the common ratio of the circumference of any circle to its diam-
eter is an irrational number; that is, this ratio is not rational because it cannot 
be expressed as a repeating or terminating decimal. To make it easier to write 
the value of this ratio and use it in computations, it is represented by π (the 
Greek letter pi). Initial experiences with π should have students using string 
or pipe cleaners to measure the circumferences and diameters of circles and 
recording and analyzing the approximate relationships of the measurements, 
as illustrated in the problem in figure 2.26, so that students can begin to un-
derstand the proportional relationship of the circumference to the diameter.
 Teachers should make sure that students understand that π is a number 
whose decimal notation does not terminate or repeat (3.14159265…) and 
that the values commonly used for π (3.14 and 22/7) are just estimates of 
that number used in computation, just as we might use 2 for 2.2 to estimate a 
product or quotient.
 Teachers can lead students to connect their understandings of propor-
tionality and its algebraic representations to determine how to find the cir-
cumference of a circle when given its diameter (or radius):

Problem: How many inches are in 5 feet? 

Solution: 

There are 60 inches in 5 feet. 
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C
d =

π
1

C • 1 = πd
C = πd

Note that this equation is in the form y = kx, where y = C, k = π, and x = d. 
Therefore the equation indicates that π is the constant of proportionality 
in this relationship. Additionally, since a diameter is made up of two radii, 
d = 2r, substitution produces an equivalent equation, C = 2πr. Students can 
then use their understanding of this formula to solve problems involving the 
circumference, diameter, or radius of a circle. 
 Once students understand π as the number that describes the constant 
ratio of circumference to diameter, they can begin to consider its use in the 
formula for the area of a circle. It requires the use of calculus to derive for-
mally the formula for the area of circles in later grades, but students in grade 

Fig. 2.26. An experience that explores the constant ratio between the circumference 
of a circle and its diameter

Solution: 
 
You can make a little more than 3 diameters out of each circumference-length string, that is, 
C  3(d ) or  

Circumference of a Circle  

Problem: Use string to measure around each circle. Then place the length of string over the diameter 

of the circle to see how many diameters you can make from the string. 
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7 should encounter representations that help build intuitive understanding of 
the formula for the area of a circle: A = πr2.
 Proportionality is often used in data analysis. In the sample problem 
shown in figure 2.27, proportionality is used to make an estimate about a 
population from a sample of the population.

 Since a probability is a ratio of the number of favorable outcomes to the 
number of all possible outcomes, students can use their understanding of pro-
portionality to solve problems involving probability. In the sample problem in 
figure 2.28, a proportion is used to determine the number of marbles in a jar.

Connections in later grades
Understanding and applying proportional reasoning will be necessary for 
students to be successful in many of the topics they will encounter in later 
grades, both in mathematics and in other subject areas, such as chemistry and 
economics. In later grades, students will connect the term direct variation to 
proportional relationships in the form y = kx. They will contrast direct varia-
tions with indirect variations that are represented by y • x = k. Students will 
apply proportionality to solve problems involving side lengths, perimeters, 
areas, and volumes of similar objects. They will apply proportionality to solve 
problems involving parallel lines cut by transversals, intersecting chords of a 
circle, and the altitude to the hypotenuse of a right triangle. 
 Students will need to understand the relationship of a line’s slope to the 
similar triangles formed by using segments on the line as sides of the triangles 
and the related “rise” and “run” segments as the other sides. They will learn 
the definition of slope as the ratio of rise to run, along with other equivalent 

Fig. 2.27. Using proportionality in data analysis

Problem:  A representative sample of 200 voters is chosen to be surveyed from 5,400 people 
who voted in an election of a town mayor. Pollsters use this technique of sampling a portion  
of the population to make a prediction about the whole group without asking everyone. Of the  
200 voters surveyed, 85 said they voted for candidate X. Use the result of the survey to estimate  
how many of the 5,400 votes you would expect candidate X to receive in the election. 

Solution:

 

 
On the basis of the survey, we would expect candidate X to receive close to 2,295 votes in the 
election. 
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definitions. They will use proportionality and the definition of slope to derive 
equations of lines; they will see that the point-slope form of the equation of 
a line is the direct result of the proportional relationship that exists between 
rise and run. In trigonometry, students will use proportionality as they apply 
the law of sines to find missing side lengths in triangles.

Developing Depth of Understanding
What activities and problems can you give students to help them learn the 
difference between proportional relationships and relationships that are not 
proportional? How can you help students deepen their understanding of pro-
portionality by making connections between different representations of a 
proportional relationship, for example, equivalent ratios, ordered pairs in a 
table, linear equation, and graph of a line?

Fig. 2.28. A problem that shows the connection between proportionality and probability

Sample Problem: The probability of choosing a blue marble from a jar of 100 marbles is    . 
How many marbles in the jar are blue?   

 
Solution:

 

Sixty of the marbles in the jar are blue. 
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In grade 7 students build understanding of the equations and formulas to 
compute surface area and volume. They become aware of the reasoning that 
underlies the derivation of the formulas, and they apply that reasoning to 
compute measurements. For example, they learn about several formulas for 
surface area but also learn that all the formulas are based on the same con-
cept—that surface area is the sum of the areas of all the surfaces of the fi gure. 
Also, they learn about several formulas for volume of prisms and cylinders, 
but they also learn that all those formulas are also based on the same princi-
ple—for these solids, the volume is the product of the area of the base of the 
fi gure and its height. If students understand these concepts, they can apply 
the reasoning that underlies the derivation of a formula to reconstruct it. For 
the purposes of this grade 7 Focal Point, prism means right prism and cylin-
der means right cylinder. In future grades, students will work with oblique (or 
“leaning”) prisms and cylinders.

Instructional Progression for Surface 
Area and Volume
The focus on surface area and volume in grade 7 is supported by a progression 
of related mathematical ideas before and after grade 7, as shown in table 3.1. 
To give perspective to the grade 7 work, we fi rst discuss some of the important 
ideas that students focused on before grade 7 that prepare them for learning 
about surface area and volume in grade 7. At the end of the detailed discussion 
of this grade 7 Focal Point, we present examples of how students will use the 
surface area and volume understandings and skills in later grades. For more 
detailed discussions of the “before” and “after” parts of the instructional pro-
gression, please see the appropriate grade-level books, Focus in Grade 3, Focus 
in Grade 4, Focus in Grade 5, Focus in Grade 6, and Focus in Grade 8.
 Table 3.1 represents an instructional progression for the conceptual un-
derstanding of surface area and volume before grade 7, during grade 7, and 
after grade 7.

Early Foundations for Understanding 
Surface Area and Volume
Before grade 7, students are exposed to a variety of skills and concepts that 
they can use to help them understand surface area and volume. For example, 
students analyze, classify, and decompose three-dimensional fi gures. Also, 
they work with perimeter and area of two-dimensional fi gures, including 

Focusing on Understanding Surface
Area and Volume

3
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circumference of circles. Students explore the volume of rectangular prisms. 
Finally, students use expressions, equations, and formulas to represent 
relationships.
 Previously, students have analyzed certain three-dimensional figures. 
They distinguish polyhedra, or solids whose faces are all polygons such as 
prisms and pyramids, from other familiar three-dimensional figures such as 
cones, cylinders, and spheres. They describe polyhedra by numbers of edges, 
faces, and vertices. They also distinguish among polyhedra. For example, a 
triangular prism is identified by two congruent parallel triangular bases, and  
a square pyramid is identified by a square base. Students also decompose  
polyhedra, cones, and cylinders into their two-dimensional surfaces, also 
called nets.
 Students’ previous work with perimeter, area, and volume also helps them 
understand the concepts included in this Focal Point. In earlier grades, stu-
dents explore the perimeter of a figure as the distance around the edge of a 
figure and determine that for a polygon it is the sum of the lengths of the 
sides. They develop and use such formulas as P = 2(l + w) and P = 8s to find 

Table 3.1
Grade 7: Focusing on Surface Area and Volume—Instructional Progression for Surface Area and Volume

Before Grade 7 Grade 7 After Grade 7

Students decompose familiar three-
dimensional figures (e.g., cylinders, 
polyhedra, and cones) into their two-
dimensional surfaces (i.e., nets).

Students develop an understanding 
of the attributes of area, surface area, 
and volume and the types of units 
used to measure each of them.

Students use area formulas for com-
mon polygons (e.g., triangle, rectan-
gle, etc.) to solve problems.

Students develop the skills to use 
expressions, equations, and formulas 
to solve problems (e.g., apply the un-
derstanding of equivalent expressions 
to decide between the use of 5x or 2x 
+ 3x in the solution to a problem).

Students find surface area of prisms and 
cylinders by decomposing the three-
dimensional shape into its two-dimen-
sional components. 

Students derive and justify the formula 
for volume of prisms and cylinders (vol-
ume = area of base × height) by decom-
posing the three-dimensional shape into 
smaller component shapes. 

Students understand and are able to de-
scribe the relationship between the scale 
factor and the areas and volumes of sim-
ilar figures. 

Students solve a variety of problems in-
volving area, surface area, circumference 
of circles, and volume of prisms and cyl-
inders using various strategies.

Students understand the relation-
ships among the angle measures, side 
lengths, perimeters, areas, and volumes 
of similar objects and use these rela-
tionships to solve problems.

Students develop an understanding of 
the Pythagorean theorem (i.e., given a 
right triangle, then the lengths of the 
sides have a specific relationship) and 
its converse (i.e., given the specific re-
lationship between the lengths of the 
sides of a triangle, then the triangle 
must be a right triangle.). 

Students apply the Pythagorean theo-
rem and its converse to solve problems. 
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the perimeter of certain common polygons. Students connect the concept 
of area to the number of square units needed to cover the interior of a fi gure 
and develop and use formulas to fi nd the area of some polygons. For example, 
they use A = lw to fi nd the area of a rectangle and A = s2 to fi nd the area of a 
square. Students also experience developing the formulas for the area of par-
allelograms (A = bh) and triangles (A = (1/2)bh) using knowledge of the area 
formula for rectangles. In addition to experiences with two-dimensional fi g-
ures, students connect the concept of volume to the number of cubes needed 
to fi ll a three-dimensional object and develop and use the formula V = lwh to 
fi nd the volume of rectangular prisms. Students also explore the units used to 
measure different attributes of fi gures and observe that linear units are used 
to measure perimeter, square units to measure area, and cubic units to mea-
sure volume.
 In another grade 7 Focal Point, students see that the perimeter of a circle 
is called circumference. In their work with proportionality, they learn that π is 
the ratio of the circumference of a circle to its diameter, and they use π in the 
formula C = πd and C= 2πr to fi nd the circumference of a circle if the diam-
eter is known.
 Students’ previous work with expressions, equations, and formulas lays 
the foundation that students build on as they learn more about volume and 
surface area. For example, they apply their understanding of properties of ad-
dition and multiplication to write 2l + 2h, 2(l + h), and l + l + h + h as equiva-
lent expressions that they can use to fi nd the perimeter of a rectangle. They 
use the properties of equality to create equivalent equations, such as trans-
forming A = lw into the equivalent equation

A
w

l=

to fi nd length.

Focusing on Understanding and Using 
Formulas to Determine Surface Area 
and Volumes
The goal of this Focal Point is for students to understand and be able to use 
formulas and other computational strategies to determine surface area and 
volume of rectangular prisms, triangular prisms, cylinders, and composite 
shapes consisting of these fi gures. The process of understanding each formula 
should begin with students creating their own representations for the surface 
area or volume of a fi gure and then, with guidance from the teacher, progress-
ing to the commonly used formula. By deriving formulas in this way, students 
acquire the necessary understanding to remember and apply the formulas. 
For students to be successful with the concepts of this Focal Point, they need 
a thorough understanding of the formulas for the areas of such polygons as 
squares, rectangles, and triangles.
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 In previous grades, students measure surface area and volume concretely. 
For example, they cover rectangular prisms with grid paper and count squares 
to fi nd the surface area. They fi ll rectangular prisms with unit cubes to fi nd 
volume. In grade 7, students make the transition from using hands-on mea-
suring techniques to using algebraic representations (formulas) and computa-
tion to fi nd surface area and volume. Students also gain an appreciation for 
the fact that using the formulas is generally more effi cient and applicable to 
many fi gures for which counting methods are impractical. For example, if the 
dimensions of a fi gure are expressed as fractions or decimals, it is diffi cult to 
count squares or cubes accurately.

 Inherent in this Focal Point is the idea of dimensions. Just as length is a 
one-dimensional measure of size, area is a two-dimensional measure of the 
size of a region in the plane, and volume is a three-dimensional measure of 
a solid in three dimensions. The units used correspond to the dimensions. 
Teachers should help students develop an understanding of the various types 
of units through experiences such as the one shown in fi gure 3.1.
 When students work with surface area and volume of three-dimensional 
fi gures, teachers should reinforce these ideas by focusing students’ attention 
on the meanings of the answers, including the units needed. The table in fi g-
ure 3.2 summarizes the relationships among measurements, dimensions, and 
measurement units.

Area of a circle
In this Focal Point, students learn that many of the formulas for surface area 
and volume of three-dimensional fi gures include, in some form, the formula 
for the area of one or more of a fi gure’s two-dimensional faces. For this rea-
son, it is essential that students know how to fi nd the area of two-dimension-
al fi gures. Prior to grade 7, students work with the formulas for the areas of 
polygons, such as rectangles (A = lw), squares (A = s2), and triangles (A = (1/2)
bh). Once students understand π as the ratio 

C
d

C
r

or
2

,

they can begin to understand the formula for the area of a circle. Although 
calculus is required to formally derive the formula for the area of a circle, the 
following representational progression is helpful for students to begin to gain 
a conceptual understanding of the formula for the area of a circle: A = πr2.

Refl ect As You Read
Why do you think students are often confused about which measurement formula to 
use in a given situation, for example using 2πr instead of πr2 to fi nd the area of a 
circle or using a formula for volume to fi nd surface area? What experiences or discus-
sions might help them avoid this confusion?
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 Fig. 3.1. Experience that helps students develop an understanding of different units

0 1
1 unit 

0 1
1 unit 

1 unit 

0 1
1 unit 

1 unit 

1 unit 

One-Dimensional Measure: Length 
To measure one-dimensional objects, start by defining what it means to have length 1. 

Place 0 and 1 on the number line to create a line segment of length 1 unit. This line segment can 
represent 1 unit of any linear measure; for example, the segment could be equal to 1 centimeter
 (1 cm or cm1 ). 

Two-Dimensional Measure: Area 
In two dimensions, choose a region whose “size” is 1. 

Look at a 1 × 1 square using the unit of length, and say that the measure of that region is 1 square 
unit. For example, if a centimeter is the unit of length, instead of inventing a brand-new name for the 
unit of measure of a 1 × 1 square, say that the square has a two-dimensional measure equal to 1 
“square centimeter” and use cm2 as the notation, thus emphasizing the use of the one-dimensional 
unit, centimeter. 

Three-Dimensional Measure: Volume 
In three dimensions, choose a three-dimensional solid whose “size” is 1. 

Look at a 1 × 1 × 1 cube using the unit of length, and say that the measure of that solid is 1 cubic 
unit. For example, if a centimeter is the unit of length, instead of inventing a brand-new name for the 
unit of measure of a 1 × 1 × 1 cube, say that the cube has a three-dimensional measure equal to 1 
“cubic centimeter” and use cm 3 as the notation, thus emphasizing the use of the one-dimensional 
unit, centimeter. 
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A sector of a circle, as shown in fi gure 3.3, is a region bounded by two radii 
and their intercepted arc. Sectors are shaped like “pizza slices.”

Fig. 3.3. Sector of a circle

 If the circle with radius r is sliced into an even number of congruent sec-
tors and the sectors are rearranged into a row, the resulting fi gure would re-
semble a parallelogram with the radius of the circle, r, as its “height,” and half 
of the circumference of the circle, or πr, as its “base,” as shown in fi gure 3.4.
 If you were able to slice the circle into thinner and thinner sectors, the 
curved edges would appear straighter and the resulting fi gure would more and 
more resemble the parallelogram. Th e area of this parallelogram can be found 
by multiplying the base, πr, by the height, r, or A = πr ∙ r, which can also be 
written πr2. Th rough this method of illustrating the area of a circle, students 
can see that, since the area of the circle is coming closer and closer to the area 
of the parallelogram, it makes sense that the area of the circle is: A = πr2.

Surface areas of prisms
Students learn that the formulas for the areas of two-dimensional fi gures can 
be used to fi nd the surface area of a three-dimensional fi gure. In initial dis-

Measures of Geometric Figures

Attribute Being 
Measured Dimensions

Examples of 
Figures

Examples of 
Measurement 

Units
Distinguishing Characteristic 

of Formulas

Length (includ-
ing perimeter and 
circumference)

1
line segment
polygon
circle

inch
meter

linear measures, sometimes add-
ed together

Area (including surface 
area) 2 polygon

circle
square inch
square meter

two linear measures multiplied 
together

Volume 3 polyhedron
cylinder

cubic inch
cubic meter

three linear measures multiplied 
together
or
an area measure and a linear 
measure multiplied together

Fig. 3.2. Comparing and contrasting one-dimensional, two-dimensional, and 
three-dimensional measurements
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Fig. 3.4. Sectors of a circle arranged in a row to approximate a 
parallelogram

cussions of surface area, the rectangular prism provides a good example from 
which the discussion can then be expanded.

 Teacher: Let’s find the surface area of this 3-by-4-by-6 rectangular prism 
that I covered with grid paper.

 We can unfold the cover of the prism into a net so that all its faces are 
laid flat. Now find the surface area. Notice that surface area, although it refers 
to a three-dimensional object, is a two-dimensional measurement, just like 
the area of a square or triangle.
 Tam, can you tell us how you found the surface area?
 Tam: Sure. I know that the surface area is the number of square units in 
all the faces of the figure. So I counted the square units on the net of the fig-
ure. There are 108 squares, so the surface area is 108 square units.

r

r

πr

r

B1

A1
C1

One-Dimensional Measure: Length 

36

4



Focus in Grade 7: Teaching with Curriculum Focal Points

52

 Maari: I started to count the squares, but it was taking a long time. I no-
ticed that the faces were all rectangles, so I decided to use the formula for 
rectangles: A = lw. I used the formula to find the area of all the faces:

A1 = 6 • 4 = 24

A2 = 6 • 4 = 24

B1 = 6 • 3 = 18

B2 = 6 • 3 = 18

C1 = 3 • 4 = 12

C2 = 3 • 4 = 12

Then I added them all together: S = 24 + 24 + 18 + 18 + 12 + 12 = 108,
 Teacher: Interesting, Maari. Did anyone do it a different way?
 Shakeem: I did. I realized that opposite pairs of faces were congruent, so 
they had the same area: A1 and A2, B1 and B2, C1 and C2. So I just found the 
area of A1, B1, and C1 and I multiplied each area by 2 and added those num-
bers: 24 × 2 = 48; 18 × 2 = 36; 12 × 2 = 24; 48 + 36 + 24 = 108. That seemed 
easier to me than doing them all separately.
 Teacher: We know that we can use algebraic representations to represent 
the strategies we use to calculate measurements of figures. Then these alge-
braic representations can lead us to 
efficient formulas. Let’s look at the 
prism with the dimensions labeled 
and use it to develop an algebraic 
representation for the surface area 
of a rectangular prism.

A1

B1

B2

C1A2 C2

l = 6

h = 4

B1

A1
C1

w = 3
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  Look at Maari’s method of finding the surface area. What are the length, 
width, and height of this prism? [l = 6, w = 3, h = 4.] What dimensions of 
the prism do you multiply to find the area of the face labeled A1? [length and 
height] Why? [Because they are the dimensions of the face A1.] Now let’s re-
member what Shakeem observed. In a rectangular prism, the faces opposite 
each other, like A1 and A2, are the same shape and size—they are congruent—
so the area of the face labeled A2 can also be found by multiplying the prism’s 
length times height. What dimensions of the prism do you multiply to find 
the areas of the faces labeled B1 (and B2)? [length and width] Why? [Because 
those are the dimensions of the faces also.] What dimensions of the prism 
do you multiply to find the areas of the faces labeled C1 (and C2)? [width and 
height] Why? [Because those are the dimensions of those faces.] Let’s orga-
nize our results. We will use the labels on the faces to represent their areas, 
and S to represent the total surface area.

A1 = A2 = lh

B1 = B2 = lw

C1 = C2 = wh
So

S = A1 + A2+ B1 + B2 + C1 + C2 .

If we substitute equal values from above, then 

S = A1 + A1+ B1 + B1 + C1 + C1.

And if we apply the distributive property, which tells us that 1x + 1x = (1+1)
x = 2x, then

S = 2A1 + 2B1 + 2C1.

And look, we now have an equation that represents Shakeem’s method—
when he found the area of A1, B1, and C1 and multiplied those areas by 2 and 
added them together. We have used algebraic notation to show that the two 
strategies are equivalent.
 We can take a step beyond Shakeem’s method by replacing the areas with 
the products of the dimensions to make a formula that can be used for all 
rectangular prisms:

S = 2lh + 2lw + 2wh

Now we can use this formula to find the surface area of this rectangular 
prism:
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S = 2 × 24 + 2 × 18 + 2 × 12
S = 48 + 36 + 24

S = 108

The surface area of this rectangular prism is 108 square units.

 Through these types of discussions, students gain practice with the un-
derstandings they need to derive a formula for the surface area of any prism, 
regardless of the shape of its bases: S = 2B + Ph. In this formula, S is the 
surface area, B is the area of the base, P is the perimeter of the base, and h 
is the height of the prism. Using the rectangular prism and its net, the for-
mula developed in the classroom discussion, S = 2lh + 2lw + 2wh, and what 
they know about algebraic representation, students can develop this impor-
tant and generalizable formula. Students learn that the basis for this formula 
is the understanding that a prism consists of two bases and a lateral surface 
area. The lateral surface area is a rectangle that “wraps around” the base of a 
prism. The length of the lateral surface area is the perimeter of the base, and 
its width is the height of the prism. Representations, such as the one shown 
in figure 3.5, can help students visualize this concept.

Fig. 3.5. Example showing the reasoning behind the algebraic representation of the area of 
the lateral surface of a prism

 The lateral surface of a prism consists of the faces that are not identified as bases. The net shows 
that the lateral surface, when folded out flat, is a rectangle. 
 The dimensions of the rectangle that forms the lateral surface of a prism are the height of the prism 
and the sum of the length + width + length + width, which is also the perimeter (P) of the base. So the 
area of the lateral surface area is the perimeter times the height or, 

L  = Ph, 

where L  is the lateral surface area, P is the perimeter of the base, and h is the height of the prism. 

B

B

w

h
h

l

l w l

l

w

ww

base

base

lateral surface

P = l + w + l + w
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 The surface area formula, then, is the sum of the areas of the bases (which 
are congruent, so it is two times the area of one base) plus the area of the lat-
eral surface (which is the perimeter of the base times the height), or S = 2B + 
Ph. Once students understand this formula conceptually, they can use algebraic 
representation to discover how the formula for the surface area of a rectangular 
prism suggests the same general formula, as shown in figure 3.6. Students will 
need opportunities to apply this reasoning to a variety of prisms to strengthen 
their understanding of the general nature of the formula.

 A cube is a special case of a rectangular prism—it is a rectangular prism 
with six congruent square faces. Students may apply their algebraic and geo-
metric knowledge to find the surface area of a cube in several ways, three of 

Fig. 3.6. Developing a formula for finding the surface area of a prism with base B and height h

B

B w

h

l

B

h

l

w

S lw lh wh= + + ←2 2 2 Write a formula for the surface arrea of the rectangular prism
     (the sum of thhe areas of the faces, in any order).

S B lh= + +2 2 22wh B B lw← =The area of the base,  is  Substitu, . tte  for 

Use the distributive

B lw

S B l w h

.

( )= + + ←2 2 2   property to rewrite 

 is 

2 2

2 2 2

lh wh

S B Ph l w

+

= + ← +

.

tthe perimeter of the base. So substitute  forP   

The formula for the surface area of a p

2 2l w+ .

rrism, then, is

where  is the surface a

S B Ph

S

= +2 ,

rrea,  is the area of the base, and  is the B Ph aarea of the rectangle that forms the 
lateral suurface.
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which are shown in fi gure 3.7. Discussing the similarities among these differ-
ent procedures can strengthen students’ understanding of the relationships be-
tween the characteristics of the three-dimensional fi gures and the formulas.

 Once teachers have given students many opportunities to fi nd the sur-
face area of cubes in different ways, students will be ready to understand the 
formula of the surface area of a cube. They should then transform algebra-
ically the formulas for surface area of rectangular prisms into the formula for 
surface area of cubes, as shown in fi gure 3.8, and see that no matter which 
method they use to fi nd the surface area of a cube, they are always multiply-
ing the square of the length of the side by 6.
 Students should have similar experiences with fi nding the surface area 
of triangular prisms, as refl ected in the previous classroom discussion with 

Fig. 3.7. Three ways to fi nd the surface area of a cube with dimensions 
5 feet by 5 feet by 5 feet

5 ft 

5 ft 
5 ft 
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rectangular prisms. During such discussions, teachers need to emphasize 
that in a triangular prism, we find two different uses of the words base and 
height as shown in figure 3.9. The prism itself has a measurement called its 
height, and the triangular faces are called the bases of the prism. Then, a tri-
angular face that is a base of the prism also has a base (which could be any 
one of the sides of the triangle) and a measurement that is the height of the 
triangle in relation to that base of the triangle. The area of the base of a fig-

Fig. 3.8. Transforming the formulas for surface area of a rectangular prism into the formula for  
the surface area of a cube

s 

s 
s 

Formula 1
S lw lh wh

l w h s

S lw lh wh
S

= + +
= = =

= + +
=

2 2 2

2 2 2
So:

22 2 2
2 2 2
6

2 2 2

2

ss ss ss
S s s s
S s

+ +

= + +

=

Formula 2
S B Ph
l w h s

B lw P l w
B ss

= +
= = =

= = +( )
=

2

2     
      

                         

P s s
B s P s

= +( )
= = ( )

2
2 22

PP

S B Ph
S s ss
S s s

S s

=

= +
= +
= +
=

4s

2
2 4
2 4

6

2

2 2

2

So:

Fig. 3.9. Heights and bases of a triangular prism

Height of 
prism, h 

Height of 
triangular face, h Base of triangular 

Base of 
prism, B

face, b 
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ure is usually denoted by a B, to distinguish it from the base of the triangular 
face, which is denoted with a b. Students should have several experiences just 
identifying these components in various triangular prisms. 
 After many experiences that include using nets and grid paper and for-
mulas to find the areas of separate faces, students can be better prepared to 
make connections to, and use the generalized formula for, all prisms—S = 2B 
+ Ph—to find the surface area of a triangular prism. Students learn to recog-
nize that the area of the lateral surface of the triangular prism is the perim-
eter of the triangular base times the height of the prism. They will gain the 
ability to transition from finding the surface area by adding the areas of the 
sides to using the general formula for surface area, as shown in figure 3.10.

Fig. 3.10. Finding the surface area of a triangular prism

10 cm 

9 cm 

16 cm 

10 cm 

6 cm 

9 cm 

16 cm 

10 cm 10 cm 

6 cm 

9 cm 

16 cm 

10 cm 

6 cm 

9 cm 

16 cm 

10 cm 10 cm 

6 cm 

10 cm 10 cm 

Lateral surface 

Finding the surface area of a triangular prism bby adding the areas of all the faces
Step 1: Finnd the area of all the faces:

            Area oof one base: 

            Area of second

1
2

16 6 48× × =

base: 

            Area of left f

1
2

16 6 48× × =

aace: 
            Area of right face: 

10 9 90
10
× =
×× =
× =

9 90
16 9 144            Area of back face: 

Steep 2: Find the sum of the areas of the faces.
             48 + 48 + 90 + 90 + 144 = 420
             Surface area = 420 square centimeters

Finding the surface area of a triangular prism bby using a general surface area 
formula S B = 2   + 

Step 1: Find the area of the prisim’s base,  

Ph

B = 11
2

16 6 48( )( ) ;=  48 square centimeters.

Step 2: Finnd the perimeter of the base of the prism,  =P   10 + 16 + 10 = 36; 
36 centimeters.

Step 2: Substtitute the values in the formula:
 = 2  + S B Ph

S   = 2(48) + 36(9)
 = 96 + 324
 = 420

Surface are

S
S

aa = 420 square centimeters.

(Continued on next page)
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 Once students understand the formula S = 2B + Ph  and can apply it to a 
variety of prisms, they are ready to begin to explore the surface area of cylin-
ders. Although a cylinder is not a polyhedron, it shares some characteristics 
with a prism that apply to finding surface area. As students examine the nets 
of various prisms and cylinders, they see that cylinders, like prisms, are made 
up of three basic components—two congruent bases and a lateral surface that 
“wraps around” the bases. As with prisms, if they find the total area of these 
components of a cylinder, they will have found the surface area of the cylin-
der. As students continue to investigate the commonalities in the nets, they 
should recognize that when we represent the prism or cylinder by using a net 
for the object, we see that the total lateral surface is a rectangle, as shown in 
figure 3.11.
 Thus, the general formula for surface area will also be able to be applied 
to a cylinder, since the formula is based on geometric characteristics that ex-
ist in both prisms and cylinders. Once students see these common character-
istics, they can see that they can find the surface area of a cylinder using the 
same general formula they developed to find the surface area of prisms, that 
is, finding the sum of the areas of the two bases (two times the area of one 
base) and the area of the rectangle that creates the lateral surface. With re-
gard to a cylinder, the area of the base (B) is the area of the circular base, and 
the dimensions of the rectangle that forms the lateral surface are the perim-
eter (or circumference) of the circular base and the height of the cylinder, as 
shown in figure 3.12. Students can then apply the formula presented in figure 
3.12 in a meaningful way, as shown in the example in figure 3.13.
 As students’ comfort level with applying the surface area formulas in-
creases, teachers should offer students the opportunity to apply these formu-
las to problems involving rational number dimensions. In problems involv-
ing measurements expressed with fractions, students may want to use 22/7 or 
3.14 as an approximate value for π.

Fig. 3.10. Finding the surface area of a triangular prism—Continued
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Finding the surface area of a triangular prism bby adding the areas of all the faces
Step 1: Finnd the area of all the faces:

            Area oof top base: 

            Area of bot

1
2

16 6 48× × =

ttom base: 

            Area of left f

1
2

16 6 48× × =

aace: 
            Area of right face: 

10 9 90
10
× =
×× =
× =

9 90
16 9 144            Area of back face: 

Steep 2: Find the sum of the areas of the faces.
             48 + 48 + 90 + 90 + 144 = 420
             Surface area = 420 square centimeters

Finding the surface area of a triangular prism bby using a general surface area 
formula S B = 2   + 

Step 1: Find the area of the prism’s base,  

Ph

B = 11
2

16 6 48( )( ) ;=  48 square centimeters.

Step 2: Finnd the perimeter of the base of the prism,  =P   10 + 16 + 10 = 36; 
36 centemeters.

Step 3: Substtitute the values for the formula:
 = 2  + S B Ph

S   = 2(48) + 36(9)
 = 96 + 324
 = 420

Surface are

S
S

aa = 420 square centimeters.
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Fig. 3.11. Examples showing the components of prisms and cylinders—two 
bases and a lateral surface

The perimeter of the square is 
the length of the rectangle that 
has an area that is equivalent to 
the lateral surface. 

The height of the prism is 
the width of the rectangle 
that has an area that is 
equivalent to the lateral 
surface. 

The circumference is the length 
of the rectangle that has an 
area that is equivalent to the 
lateral surface. 

The height of the cylinder is 
the width of the rectangle 
that has an area that is 
equivalent to the lateral 
surface. 

The perimeter of the triangular 
base is the length of the 
rectangle that has an area that is 
equivalent to the lateral surface. 

The height of the prism is the 
width of the rectangle that 
has an area that is equivalent 
to the lateral surface. 

Fig. 3.12. Example showing the reasoning behind the formula for the surface 
area of a cylinder
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(Continued on next page)
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Volume of prisms and cylinders
As part of a focused grade 7 curriculum, students learn to meaningfully ap-
ply volume formulas to a variety of solid fi gures. Students can use their un-
derstanding of the characteristics of three-dimensional objects, their under-
standing of the meaning of volume, and their ability to apply the volume of 
a rectangular prism to derive the generalized volume formula. They can then 
use this formula to fi nd the volume of other solids. Teachers should structure 

Fig. 3.12. Example showing the reasoning behind the formula for the surface 
area of a cylinder—Continued
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Fig. 3.13. Applying the formula for the surface area of a cylinder
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classroom activities so that students can synthesize these understandings, as 
shown in the following classroom discussion.

 Teacher: Look at this rectangular prism. If we find the volume of this fig-
ure, what attribute are we describing?

 John: We have found the number of cubic units that it takes to fill the 
figure.
 Teacher: Correct. If we imagine filling the figure with cubes, we might 
first cover the bottom, or base, of the figure. This one “layer” of cubes cov-
ers the area of the base of the figure; it takes 6 × 3 cubes to make the layer 
that covers the rectangular base. Then we can stack layers as indicated by the 
height of the prism. In this rectangular prism the height is 4, so there are four 
layers.

A prism with length 6, width 3, and height 4 is made up of four 6-by-3 lay-
ers. How can we find the volume of the prism in cubic units?

 Theresa: You can multiply the length times the width times the height, or 
6 × 3 × 4 = 84 cubic units.
 Teacher: What is the formula for the volume of a rectangular prism?
 George: I know it; it is V = lwh.
 Teacher: So if we use the formula, we will find the volume in the same 
way as Theresa did, by multiplying the length times the width times the 
height. We can think about the volume in a different way; 6 times 3 is the 
area of the base, 4 is the height. So you can think of volume as the area of the 
base (the number of cubes in one layer) times the height (the number of lay-
ers). Just as in the surface area formulas, we can 
represent the area of the base as B. So the for-
mula can be written V = Bh, where B is the area 
of the base of the prism and h is the height of 
the prism.
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3 
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 At this point, students are ready to move to understanding the formula 
for the volume of any prism or cylinder. Again, this is an example of when 
it is pedagogically appropriate for students to focus on the characteristics 
that are common to prisms and cylinders rather than on their differences. 
Through sketches and models, students can begin to visualize for any prism 
or cylinder a layer covering the area of the base that is one unit thick. Thus, 
the volume of this layer would be the area of the base (B) × 1 = B. The vol-
ume of the prism or cylinder could then be visualized as a stack of these lay-
ers, with the height of the prism indicating the number of those layers in the 
figure, as illustrated in figure 3.14. Of course, it is possible that a fraction of 
a layer might be involved. Thus, the generalized volume formula, V = Bh, can 
be used to find the volume of any prism or cylinder.

 Teachers should emphasize that although only a triangular prism is 
shown in figure 3.14, the same reasoning applies to all prisms. Students can 
then use this general formula, V = Bh, to meaningfully generate the formulas 
for volumes of the cylinder and other prisms, as shown in figure 3.15.

Fig. 3.14. Building a prism and cylinder with layers of cubic units to  
demonstrate the generalized volume formula V = Bh

Each layer consists of 
partial cubes and 
possibly full cubes in 
the interior of the layer. 
Since a layer of cubes 
covers the area of the 
base, B, the number of 
cubes in each layer is 
equal to the value of B.  

The number of layers is 
the height h and could 
possibly involve a 
fraction of a layer.  

V = Bh

Triangular Prism
 

Cylinder 
 

V = Bh  

B

h

B
h
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Fig. 3.15. Applying the generalized volume formula to various prisms and cylinders

Rectangular Prism: Cube: 
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=
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=
=
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the area  of the base is B s s s= =• 2.

V Bh
V r h
=

= ←π 2 The base of the cylinder is a circle,, so
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The base is a triangle,  so                             the area of thee base is 
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 is the height of the triangle with relation tto , and  is the height of the prism.b h
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Strengthening Understanding of 
Volume and Surface Area through 
Problem Solving
Students can strengthen their understanding of volume and surface area and 
appreciate the relevance of these concepts by solving context-based problems. 
Problem-solving opportunities should be structured to help students focus 
on important aspects of using surface area and volume in practical situations. 
These opportunities should include demonstrating the difference between 
measurements of surface area and volume, developing an understanding of 
the formulas for the volume of pyramids and cones, and solving problems in-
volving composite, or compound, fi gures.
 Problems like the one in fi gure 3.16 can help students distinguish be-
tween surface area and volume, that is, that surface area is a measure of the 
number of square units required to cover an object and that volume is a mea-
sure of the number of cubic units required to fi ll an object. These types of 
problems also give students the opportunity to meaningfully apply the for-
mulas in everyday situations.

Fig 3.16. Problem that helps students distinguish between surface area and volume

 
 

6 in.

8 in.  

12 in.

 Problem:
The manager of a packaging department neeeds to design a box that will require no more tthan 450
square inches of cardboard (neglecting  overlap and waste) and hold at least 550  cubic inches of 
material. She designs the box  in the shape of a rectangular prism as shown, with llength of 12 inches, 
width 6 inches, and heightt 8 inches. Does the box satisfy the requiremennts?

The measure of the amount of cardb
Solution:

ooard is the surface area; the measure of how muuch material the
box will hold is the volume. 

Find the surface area.
The surface area  is theS   number of square units 
needed to cover the boxx.

Find the volume.
The volume  is the number of cubic unitsV
needed to fill the box.

The surface area is less than 450 square inches,, and the volume is more than 550 cubic inches,, so the 
box satisfies the requirements.

• • • • • •
S lw lh wh= + +
= + +
= + +

2 2 2
2 12 6 2 12 8 2 6 8
144 192 96

== 432

The surface area is 432 square inches.

• •
V lwh=
=
=

12 6 8
5576

The volume is 576 cubic inches.

(Continued on next page)
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 Although students will learn how to derive the formula for the vol-
ume of cones and pyramids in later grades, problem-solving opportunities 
in grade 7 will help students begin to build an intuitive understanding of 
the relationship between the volume of a prism and its corresponding pyra-
mid and the volume of a cone and its corresponding cylinder. Specifi cally, 
students can begin to develop the concept that the volume of a pyramid is 
one-third the volume of a prism with the same base area and height, and 
the volume of a cone is one-third the volume of a cylinder with the same 
base area and height. Problems such as the one in fi gure 3.17 help students 
gain this understanding.
 Problem-solving experiences involving compound, or complex, solids give 
students the opportunity to explore how composition and decomposition of 
fi gures affect the surface area and volume. For example, because the shapes 
that compose a composite solid sometimes have one or more shared surfaces 
that “disappear” into the interior of the composite fi gure, the surface area of 
the composite fi gure is not always the sum of the surface areas of the shapes 
that compose it. Problems like the ones shown in fi gure 3.18 can help stu-
dents understand that often the surface area of a composite fi gure is less than 
the sum of the surface areas of the individual fi gures, but the volume of the 
composite fi gure is often the same as the volumes of the individual fi gures.
 In problem 1, when students fi nd the surface area, they need to keep in 
mind that the surface of the triangular prism and the surface of the rectan-
gular prism that are shared are not included, because they are no longer part 
of the surface area. In this situation, students will probably fi nd the sum of 
the areas of the separate faces that are still part of the surface area of the new 
fi gure rather than use surface area formulas and subtract the “missing” faces. 
When fi nding the volume, however, the entire volumes of both prisms are in-
cluded in the volume of the new fi gure, so students can use volume formulas 
and add the volumes of the two prisms.
 In problem 2, students need to fi nd the volume and surface area of the 
pipe. The pipe is like two cylinders, one “removed” from the other. Therefore, 
to fi nd the volume of the pipe, students need to fi nd the difference between 
the volumes of the two cylinders, the volume that is left over when the small-
er cylinder is removed from the larger cylinder. However, when the smaller 

Fig 3.16. Problem that helps students distinguish between surface area and volume—Continued

 
 

6 in.

8 in.  

12 in.

 Problem:
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needed to cover the boxx.
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Fig 3.17. Experiences that support the formulas for the volume of a pyramid and a cone

Problem 1:

How many pyramids fit inside a prism wiith the same base area and height? If the volumme of a prism 
with base area  and height  isB h    what equation can you use to represent V Bh= , vvolume  of a 
pyramid with base area  and hei

V
B gght 

Use a hollow plastic pyramid and

h?

Solution:

  rectangular prism with identical bases and heiights to compare their
volumes. Fill the pyramidd with, for example, uncooked rice. Pour the riice into the prism. Repeat the 
action as many ttimes as necessary to determine how the volume  of the pyramid compares to the 
volume of the pprism.

It takes three pours to use the pyramid tto fill the corresponding prism, so the volume  of the pyramid 
appears to be 1/3 the volume off the corresponding prism. It seems reasonable  that the volume of the 
pyramid is

V Bh=
1
3

.

Problem 2:

How many cones fit into a cylinder with thee same base and height? If the volume of a cyliinder  
with base area  and height  is  B h V Bh= , wwhat equation can you use to represent volume VV

B h
 of a 

cone with base area  and height ?

Solution:

Three pours are needed to use the cone to ffill the corresponding cylinder, so the volume  of the cone 
appears to be 1/3 the volume of thhe corresponding cylinder. So it seems reason  aable that the volume of 
the cone is 

V Bh=
1
3

.
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cylinder is removed from the larger cylinder, the surface area is affected in 
complex ways. To find the surface area of the pipe, students cannot just sub-
tract the surface areas of the cylinders. In initial experiences with this type of 
problem, students should first be able to explain that if a “core” cylinder is re-
moved from the inside of a larger cylinder, it causes a decrease of surface area 
in what used to be the bases of the larger cylinder (the circular bases become 
rings), but it causes an increase in lateral surface area because it creates a new 
exposed surface on the inside that is the size of the lateral surface area of the 
smaller cylinder that was removed. So to find the surface area of the pipe, stu-

Fig 3.18. Problems involving composite figures

 

 

8 ft 

 ft  ft 

12 ft 16 ft 
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Problem 1:
You are designing a small building to sserve as a workshop. To stay within a budget foor building 
materials, you want the exterior suurface area to be less than or equal to 800 square feet. To know  
what size air conditioner too buy, you need to know the volume inside the wworkshop. Your design 
consists of a triangular  prism on top of a rectangular prism, as shown.. Does the design satisfy the 
exterior surface  requirement? What is the interior volume of thhe shed?

The concrete pipe shown below
Problem 2:

  has the shape of a cylindrical shell with an ooutside diameter of 1.0 
meter and an inside diaameter of 0.8 meter. Concrete weighs about 53000 pounds per cubic meter. 
What is the weight off the pipe to the nearest pound? What is the total surface area of the pipe to the
nearest hundredth of a square meter? 
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dents need to realize that the pipe has four surfaces—two “ring-shaped” ends 
of the pipe, the lateral surface of the outside cylinder, and the lateral surface 
of the inside cylinder. Students need to find the sum of the areas of these sur-
faces. To find the area of the ends of the pipe, students should find the differ-
ence between the areas of the circles that form the ring. To find the areas of 
the inside and outside of the pipe, students should find the areas of the lateral 
surfaces of the inside and outside cylinders, respectively. The sum of these 
four parts is the total surface area of the pipe.

Strengthening Understanding through 
Connections
Through making connections among concepts, students deepen their under-
standing of those concepts. One connection that teachers can help students 
understand is the connection between measures of geometric figures and pro-
portionality. Specifically, students should understand how perimeter, area, 
surface area, and volume are connected to the concepts of similarity and scale 
factor. They should also understand how proportionality is used to find the 
area of a sector of a circle.
 If the dimensions of two similar figures are all in the same unit, the ra-
tio of any pair of corresponding dimensions in the two similar figures is the 
scale factor for the similar figures. The example given in figure 3.19 shows 
two similar rectangles with a scale factor of 3/2. In other words, a linear di-
mension in rectangle B times 3/2 gives the corresponding linear dimension in 
rectangle A.

Reflect As You Read
In many contextual problems, the geometric model is already provided, for example, 
the description of the workshop building as a triangular prism on top of a rectangular 
prism. However, in these types of problems in the real world, the geometric models are 
not directly described and must be created by the person solving the problem. How can 
we help students better apply their understandings of geometric figures to model real-
world situations?

Fig. 3.19. Similar rectangles with a scale factor of 3/2

Rectangle A is similar to rectangle B

9

3 2

6

A B
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 The measurements in these similar fi gures have a specifi c relationship. 
For example, the perimeter of rectangle A is 24 units and the perimeter of 
rectangle B is 16 units. The ratio of the perimeter of A to the perimeter of B, 
or

perimeter of A
perimeter of B

,

is 

24
16

3
2

= .

So the ratio of perimeters is equal to the scale factor. The area of A is 27 
square units, and the area of B is 12 square units. The ratio of the area of A to 
the area of B, or 

area of A
area of B

,

is 

27
12

9
4

= .

So the ratio of areas is equal to the square of the scale factor: 

9
4

2

=
3
2

.( )
This is a reasonable result, as the calculation of area involves the multiplica-
tion of two linear dimensions, each involving the scale factor of 3/2:

where l and w are the length and width of the original rectangle. As students 
have the opportunities to calculate and compare the areas of two-dimensional 
fi gures, including rectangles, triangles, and circles, they will begin to realize 
that these relationships are true for all similar fi gures.
 Students can deepen their understanding of the connection between 
measurements and proportionality by exploring three-dimensional fi gures, as 
well, as shown in fi gure 3.20.
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Th e measurements of three-dimensional fi gures also have a specifi c rela-
tionship. For example, the scale factor of the prisms in fi gure 3.20 is 1/2. Th e 
surface area of A is 22 square units. Th e surface area of B is 88 square units. 
So the ratio of the surface area of A to the surface area of B, or 

surfacsurfacsurf e area of A
surfacsurfacsurf e area of B

,

is 

22
88

1
4

= .

The ratio of the surface areas in a given order is the same as the ratio of the 
areas of two-dimensional fi gures in the same order; it is equal to the square of 
the scale factor: 

( )1
4

1
2

2)2)= .

The volume of A is 6 cubic units. The volume of B is 48 cubic units. The ra-
tio of the volume of A to the volume of B, or

volume of A
volume of B

,

is 

6
48

1
8

= .

The ratio of volumes is equal to the cube of the scale factor: 

( )1
8

1
2

3

= .

Fig. 3.20. Similar rectangular prisms with a scale factor of 1/2

Rectangular prism A is similar to rectangular prism B 
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Again, this result is reasonable because volume involves the multiplication of 
three linear measures, or an area and a linear measure, which involves the use 
of the scale factor three times in the product:

where l and w and h are the length and width and height of the original 
prism.

 As students have the opportunities to calculate and compare the surface 
areas and volumes of similar prisms, including triangular prisms, and simi-
lar cylinders, they will begin to realize that these relationships are true for all 
similar three-dimensional fi gures. Figure 3.21 summarizes the general prop-
erties regarding scale factors, perimeter, area, surface area, and volume in sim-
ilar fi gures.

Fig. 3.21. Properties showing the relationships among measurements of 
similar fi gures

 Students can also connect measurement to proportionality in their explo-
ration of fi nding the area of a sector of a circle. In grade 7, students learn to 
understand how proportionality is used in applying the formula for the area 
of a sector of a circle, as shown in fi gure 3.22.
 Through connecting proportionality to measurement and completing 
problems such as the one shown in fi gure 3.22, students learn to generalize 
that

area of sector

area of sector
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360

360

=

=

,

.

• If the scale factor for two similar polygons is k, then the ratio 
of their perimeters is k (or k1).

• If the scale factor for two similar polygons is k, then the ratio 
of their areas is k2.

• If the scale factor for two similar prisms or cylinders is k, then 
the ratio of their surface areas is k2.

• If the scale factor for two similar prisms or cylinders is k, then 
the ratio of their volumes is k3.
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Or the area A of a sector of a circle with radius r is

area of sector= t r
360

2π ,

where t represents the measure of the central angle of the sector in degrees.

Connections in later grades
In later grades students will use properties of two-dimensional and three-di-
mensional similar fi gures to solve increasingly more diffi cult problems. They 
will need to think not only about measures of length but also about angle 
measures. They will use the fact that corresponding angles in similar fi gures 
must be congruent as a method of determining whether fi gures are similar. 
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Find the area of the circle.

Solution:
The ratio of the sector area to the enntire circle is equal to the ratio of the centrral
angle measure to 360 .
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  sector is approximately 96 square feet.

Fig. 3.22. Example showing the connection between the area of the sector 
of a circle and proportionality
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 As students find surface area or volume of solid figures, they sometimes 
need to identify hidden or partially hidden right triangles and apply the 
Pythagorean theorem. For example, they might apply the Pythagorean theo-
rem to the partially hidden right triangle, ∆ABC, related to the pyramid in 
figure 3.23 to determine either the height (AB) or slant height (AC) of the 
pyramid and then use that result to find the surface area or volume.

Fig. 3.23. Using the dimensions of a hidden triangle and the Pythagorean theorem to find the  
volume of a pyramid
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The partially hidden right triangle, has aABC,   hypotenuse of length 13. The bottom leg
(in thee base of the pyramid) has length 5, because itts length is half of 10. The height, 

, of thAB ee pyramid is found by applying the Pythagorean  theorem as follows.

h
h

h
h

2 2 2

2

2

5 13
25 169

144

+ =
+ =

=
= 112

1
3
1
3

1

The volume  is found as follows:V

V Bh

V

=

= 00 12

1
3

1200

400

2 ×

×

The volume is 400 cubic uni

V

V

=

=
tts.



Focusing on Understanding Surface Area and Volume

75

Developing Depth of Understanding
What activities do you do or plan to do in your classroom that can guide stu-
dents to understand that the formulas for surface area and volume of three-
dimensional figures compute the measurements students have previously 
measured directly? How can you help students understand that using formu-
las to find surface area and volume of three-dimensional figures is often more 
efficient than using other methods of determining those measurements?
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In grade 7 students learn how to compute with rational numbers, including 
negative fractions and decimals. They develop an understanding of the ratio-
nal numbers as a system and how the set of whole numbers is related to the set 
of rational numbers. They become aware of properties that apply to the sys-
tem of rational numbers but not to the system of whole numbers. The goal of 
this Focal Point is for students to apply their understandings of the operations 
and properties of the rational number system to develop the fl uency needed to 
work with linear equations and solve problems that involve rational numbers.

Instructional Progression for 
Understanding the Rational Number 
System
The focus on rational numbers in grade 7 is supported by a progression of 
related mathematical ideas before and after grade 7, as shown in table 4.1. To 
give perspective to the grade 7 work, we fi rst discuss some of the important 
ideas that students focused on before grade 7 that prepare them for learn-
ing about rational numbers in grade 7. At the end of the detailed discussion 
of this grade 7 Focal Point, we present examples of how students will use ra-
tional number understandings and skills in later grades. For more detailed 
discussions of the “before” and “after” parts of the instructional progression, 
please see the appropriate grade level books, Focus in Grade 3, Focus in Grade 
4, Focus in Grade 5, Focus in Grade 6, and Focus in Grade 8.

Table 4.1 represents an instructional progression for the conceptual un-
derstanding of rational numbers before grade 7, during grade 7, and after 
grade 7.

Early Foundations for Understanding 
Rational Numbers
Prior to grade 7, students are expected to have learned skills and concepts 
that prepare them for understanding how to compute with rational numbers 
and how to solve equations involving rational numbers. In previous grades, 
students perform addition, subtraction, multiplication, and division with 
nonnegative rational numbers, that is, whole numbers, positive fractions, and 
positive decimals. They model everyday situations with negative integers. 
They also work with expressions, equations, and formulas. Students build on 
these prior understandings to learn how to operate with all rational numbers 
and to solve equations involving rational numbers.

Focusing on Understanding the Rational 
Number System

4
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Table 4.1
Grade 7: Focusing on Understanding the Rational Number System—Instructional Progression for Rational Numbers

Before Grade 7 Grade 7 After Grade 7

Students develop an understanding 
of fractions and fraction equivalence.

Students develop an understanding 
of decimals, including the connection 
between fractions and decimals.

Students develop efficient, accurate, 
and generalizable methods for oper-
ating with positive rational numbers.

Students use operations with positive 
rational numbers to solve problems.

Students begin to develop the abil-
ity to generalize numerical relation-
ships and express mathematical ideas 
concisely using expressions and equa-
tions (e.g., three more as x + 3, dou-
bling as 2n, commutativity as a + b = 
b + a). 

Students solve simple one-step equa-
tions by using number sense, prop-
erties of operations, and the idea of 
maintaining equality on both sides 
of an equation and understand that 
the solutions of an equation are the 
values of the variables that make the 
equation true. 

Students develop the skills to use 
expressions, equations, and formulas 
to solve problems (e.g., apply the un-
derstanding of equivalent expressions 
to decide between the use of 5x or 2x 
+ 3x in the solution to a problem).

Students explore contexts that they 
can describe with negative numbers, 
e.g., situations of owing money or 
measuring elevations above and be-
low sea level.

Students develop a thorough under-
standing of negative numbers (including 
negative decimals and decimal fractions). 

Students use models of negative num-
bers to represent and justify rules for 
adding, subtracting, multiplying, and di-
viding with negative numbers.

Students develop efficient, accurate, and 
generalizable methods for operating 
with negative numbers.

Students develop an understanding of 
the relationships between sets of num-
bers (whole numbers, integers, rationals), 
properties of these sets of numbers, and 
operations with each set, including clo-
sure; commutative, associative, and dis-
tributive laws; additive identity; multi-
plicative identity; additive inverses; and 
multiplicative inverses. 

Students recognize fractions, percents, 
and certain decimals as ways of repre-
senting rational numbers and convert 
flexibly between fractions, decimals, and 
percents. Students are able to explain 
which fractions correspond to terminat-
ing decimals. 

Students use linear equations in one 
variable and rational numbers to solve 
word problems.

Students use exponents and scientific 
notation to describe very large and 
very small numbers.*

Students use square roots when they 
apply the Pythagorean theorem.*

Students develop an understanding of 
the concept of function and how linear 
equations can be studied as functions. 

Students translate among algebraic, 
geometric (graphical), numerical (tab-
ular), and verbal representations of lin-
ear functions. 

Students relate systems of equations to 
pairs of lines that intersect, are parallel, 
or are the same line in the plane and 
understand that the solution to a sys-
tem of equations is a solution to both 
equations. 

Students analyze and solve problems 
using linear equations and systems of 
linear equations.

*Appears in the Grade 8 Connections to the Focal Points (NCTM 2006).
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Nonnegative rational numbers and integers
All whole numbers, positive fractions, terminating decimals, and repeat-
ing decimals are rational numbers, so every skill and concept involving these 
numbers with which students have previously worked has helped prepare 
them to understand rational numbers. Students are expected to have de-
veloped an understanding of fractions and fraction equivalence in previous 
grades. They learn to add and subtract fractions with unlike denominators 
and work with ratios and equivalent ratios. They are expected to develop an 
understanding of decimals as representations of fractions whose denomina-
tors are powers of ten and to learn to convert between fractions and decimals. 
They use the relationship between decimals and fractions to help understand 
and explain procedures for multiplying and dividing decimals. Students also 
begin to develop an understanding of negative integers. In grade 5 students 
explore contexts that they can describe with negative integers; for example, 
they model “owing 5 dollars” as −5 and “25 feet below sea level” as −25.
 In previous grades students also are expected to have developed efficient, 
accurate, and generalizable methods for operating with positive rational num-
bers and use operations with positive rational numbers to solve problems. In 
particular, they add, subtract, multiply, and divide whole numbers and posi-
tive fractions and decimals. When dividing whole numbers, they express re-
sults as whole numbers, fractions, mixed numbers, or decimals.

Expressions, equations, and formulas 
Prior to grade 7, students generalize numerical relationships and express 
mathematical ideas concisely using expressions and equations. For example, 
they represent the commutative property as a + b = b + a and “two times a 
number plus 5” as 2x + 5. Students also evaluate algebraic expressions by sub-
stituting numbers for variables and simplifying the resulting numerical ex-
pressions; for example, if n = 4, then n + 5 = 4 + 5 = 9. They are expected to 
develop the skills to use expressions, equations, and formulas to solve prob-
lems and learn to write equivalent expressions and equations, such as writing 
5x as 2x + 3x and x − 4 = y as x = y + 4. Students also solve simple one-step 
equations by using different strategies, including number sense, properties of 
operations, and properties of equality. Students see that a solution of an equa-
tion is a value of a variable that makes the equation true. For example, they 
can verify that 15 is the solution of n − 5 = 10 because 15 − 5 = 10 is true.

Focusing on Understanding the 
Rational Number System
A number system is a set of numbers together with the operations and prop-
erties that apply to that set. Entering grade 7, students are already familiar 
with the whole-number system, that is, the numbers {0, 1, 2, 3...} and the op-
erations of addition, subtraction, multiplication, and division and their prop-
erties. In grade 7 students learn to think about certain fractions and decimals 
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and the operations as elements of the rational number system. In grade 7 stu-
dents discover that the rational number system shares some characteristics 
with the whole-number system, but there are also some differences. To pres-
ent the rational numbers as a system, teachers can cluster concepts into three 
categories—the numbers, the defi nitions and properties of the operations, 
and computational procedures. Through exploration of the similarities and 
differences among whole numbers, integers, and rational numbers with regard 
to these three areas, students can gain a more complete understanding of both 
whole numbers and rational numbers as systems.

Rational numbers
A rational number is a number that can be written in the form 

a
b

,

where a and b are integers and b ≠ 0. Students should note that integers fi t 
this defi nition, so integers are also rational numbers. Every rational number 
can be expressed as either a terminating or repeating decimal. Examples of 
rational numbers are 8/2 = 4, 3/−1 = −3, 3/8 = 0.375, and −18/11 = −1.6363. 
Students are familiar with 0 and the positive rational numbers from their 
work with fractions and decimals in grades 5 and 6. By including negative 
rational numbers in grade 7, they learn to work with the entire set of rational 
numbers. Students also learn to compare and order rational numbers and how 
to identify additive inverses, multiplicative inverses, and absolute values. One 
model that helps students acquire these understandings is the number-line 
model. Students can use the number-line model to get a sense of the value of 
a number in relation to other numbers, as shown in fi gure 4.1.

 � e absolute value of a number is the distance between the number and 
zero. � e absolute value symbol is | |; so, for example, the absolute value of −4 
is indicated by | –4 |. Because an absolute value is a distance, it is never nega-
tive. � e absolute values of several numbers in fi gure 4.1 are

− = = −= − = == =4 44 4− =4 4− =− =4 4− = 4 44 4= −4 4= −
1
2

1
2

2 3= =2 3= = 2 3 0 00 0=0 0=, ,, ,4 4, ,4 44 4, ,4 4 , ., .2 3, .2 3 . ,2 3. ,2 3 .and

Fig. 4.1. Using the number line to develop an understanding of rational numbers
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 Two nonzero rational numbers are opposites if they have the same abso-
lute value but are on opposite sides of zero on a number line. Referring to fi g-
ure 4.1, the numbers −4 and 4 are opposites. The numbers 

– 1
2

and 
1
2

are also opposites. Zero is the only number that has an absolute value of 0, so 
the opposite of 0 is 0. Every rational number has an opposite. Students use 
the concept of opposites to help them understand why the rules for comput-
ing with negative numbers make sense. Having a solid understanding of op-
posites, that is, additive inverses, is important to students’ understanding of 
rational numbers.
 In grade 7 students learn about the relationship among the sets of ratio-
nal numbers, integers, and whole numbers. The diagram shown in fi gure 4.2 
can help students visualize this relationship. From the Venn diagram, stu-
dents can see that the set of integers is a subset of the set of rational num-
bers. In other words, every integer is a rational number. Also, the set of whole 
numbers is a subset of the set of integers, and so also a subset of the set of 
rational numbers. That is, every whole number is an integer and a rational 
number.

Fig. 4.2. Venn diagram showing the relationship among the sets of whole numbers, integers, 
and rational numbers
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 As students have opportunities to model rational numbers—for example, 
locating rational numbers on the number line—they can build the under-
standing needed to compare and order these numbers. From previous work 
with number lines, students should know that the farther to the left a number 
is located on the number line, the less its value. So they can determine that 
negative numbers are less than positive numbers and that the farther away 
a negative number is from 0, the less it is; for example, −2 is less than −1.5. 
Students use the comparison symbols >, <, >, and < to compare rational num-
bers. Figure 4.3 shows the types of comparisons that students should be able 
to make with this reasoning.

 Students also learn how to compare absolute values of rational numbers. 
For example, students can determine that |–4|> |–2.2| because −4 is farther 
from 0 than is −2.2 and that 

– .1 7– .1 7– . 1
2

>

because −1.7 is farther from 0 than is 1/2. When students compare abso-
lute values, they should be aware that they are comparing distances from 0. 
Students can apply this knowledge of comparison to order sets of three or 
more rational numbers and absolute values, for example, –2.3 < –1/2 < 1/2 
and |–16|> |4|> |–2.2|.

Rational number operations and properties 
In previous grades, students learned how to add, subtract, multiply, and divide 
whole numbers, positive fractions, and positive decimals. They learned to un-
derstand addition as joining and subtraction as the inverse of addition. They 
learned to understand multiplication as “n” groups of “m” and division as the 
inverse of multiplication. As students study rational numbers, their under-
standing of these operations deepens.

Fig. 4.3. Rational number comparison
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 An important part of a curriculum focused on understanding the rational 
numbers as a system is the property of closure for the different operations. 
Through classroom discussions, teachers should help students understand 
this property. For a set of numbers to be closed with respect to an operation, 
the answer to the computation must be a number in that set. For example, 
the set of whole numbers is closed with respect to addition because the sum 
of any two whole numbers is another whole number. The set of whole num-
bers is also closed with respect to multiplication because the product of any 
two whole numbers is another whole number. Similarly, the set of rational 
numbers is closed with respect to addition and multiplication. 
 Rather than focus on the term closure, teachers should focus students’ 
thinking on the reasoning needed to understand the idea of closure. Students 
can test these properties with specific pairs of numbers, or they can try to 
think of a pair of rational numbers whose sum or product would not be an-
other rational number. In particular, students can explore the idea of closure 
with an operation and a set of numbers where closure does not exist. For 
example, teachers can discuss with students how to evaluate such expres-
sions as 6 − 4 and 4 − 6. Students will begin to see that the difference of two 
whole numbers is not always a whole number. For example, for 4 − 6, there 
is no whole number that can be added to 6 to get 4. Since negative numbers 
are needed for the set of whole numbers to be closed under subtraction, and 
there are no negative whole numbers, the set of whole numbers is not closed 
with respect to subtraction.
 Students should engage in similar reasoning about division—for exam-
ple, with such expressions as 6 ÷ 3 and 3 ÷ 6. Again, students can begin to 
see that the quotient of two whole numbers is not always a whole number. 
In the case of 3 ÷ 6, there is no whole number that can be multiplied by 6 to 
get 3. Since fractions are needed for the set of whole numbers to be closed 
under division, except for division by 0, and there are no fractions in the set 
of whole numbers, the set of whole numbers is not closed with respect to 
division.
 Discussions about the idea of closure can help students understand the 
uses and power of the rational number system. Students can begin to appre-
ciate that the rational number system has more properties that apply because 
it contains different kinds of numbers. The set of rational numbers can be 
used to better represent more situations and solve more problems both within 
mathematics and in connection with the real world.
 Other properties like closure for addition and multiplication exist in both 

Reflect As You Read
Before you read this section, think about properties of numbers that are true for ratio-
nal numbers but not true for the set of whole numbers. Use counterexamples to show 
when a property is not true.
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the system of whole numbers and the system of rational numbers. And, as 
with closure for subtraction and division, some properties exist in the system 
of rational numbers but not in the system of whole numbers. The commuta-
tive property of addition, a + b = b + a, is true in both systems, for example, 
4 + 5 = 5 + 4 and −1.3 + −3/13 = −3/13 + (−1.3). Another property that exists 
in both number systems is the associative property of multiplication, 

a × (b × c) = (a × b) × c,

for example, 

8 × (3 × 2) = (8 × 3) × 2
and 

– –– – – .– .– .3
4

5 3
4

2
5

× ×– –× ×– –5× ×5 = − × ×– .× ×– .× ×– .× ×– .(  × ×(  × ×– –× ×– –(  – –× ×– –    )   )2   )2
5   )5 (  = −(  = −    )– .   )– .5   )5– .5– .   )– .5– .× ×   )× ×– .× ×– .   )– .× ×– .× ×   )× ×– .× ×– .   )– .× ×– .5× ×5   )5× ×5– .5– .× ×– .5– .   )– .5– .× ×– .5– .

However, the additive inverse property exists for the set of rational numbers 
but not for the set of whole numbers. The additive inverse property states 
that for every rational number q, there is a rational number that is the oppo-
site of q, written as −q, such that q + −q = −q + q = 0; that is, 4 and −4 are ad-
ditive inverses because 4 + (−4) = −4 + 4 = 0, and −1/8 and 1/8 are additive 
inverses because −1/8 + 1/8 = 1/8 + −1/8 = 0. Students should be led to reason 
that, since the additive inverse of a positive number is a negative number, and 
negative numbers do not exist in the system of whole numbers, the additive 
inverse property does not exist in the whole-number system. Another proper-
ty that exists in the rational number system but not in the whole-number sys-
tem is the multiplicative inverse property, which states that for every rational 
number q (q ≠ 0), there exists a rational number 1/q such that

q
q q

q× =× = × =q× =q1 1 1.

For example, 7 and 1/7 are multiplicative inverses because 7 × 1/7 = 1/7 × 7 = 
1, and –(3/4) and –(4/3) are multiplicative inverses because –(3/4) × –(4/3) = 
–(4/3) × –(3/4) = 1. The multiplicative inverse property does not exist in the 
system of whole numbers because the multiplicative inverse of a whole num-
ber is not a whole number. The table in fi gure 4.4 summarizes and compares 
some of the important properties of the system of whole numbers and the 
system of rational numbers.

Computation in the rational number system
After gaining an understanding of what rational numbers are, how to order 
and compare them, the meaning of absolute value and opposite, and some 
properties of the rational number system, students are ready to expand their 
prior understandings of computational procedures for addition, subtraction, 
multiplication, and division to include the negative numbers. Teachers should 
point out the similarities and differences of the computational procedures in 
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Property Examples from the Whole-Number 
System

Examples from the
Rational Number System

Closure for Addition
For any two numbers in the set, their sum 
is in the set.

For 2 + 5 = n,
n = 7 and 7 is a whole number.

For 18.9 + −0.9 = q, 
q = 18 and 18 is a rational number.

Closure for Multiplication
For any two numbers in the set, their prod-
uct is in the set.

For 2 × 5 = n,
n = 10 and 10 is a whole number.

For 7 × −3 = q, 
q = −21 and −21 is a rational number.

Commutative Property of Addition:
a + b = b + a

4 + 1 = 1 + 4 –6.1 + 0.5 = 0.5 + (–6.1) 

Commutative Property of Multiplication:
ab = ba

6 × 5 = 5 × 6 

( )( ) ( )3
8

1
4

1
4

3
8

=–  –

Associative Property of Addition:
(a + b) + c = a + (b + c)

(1 + 20) + 2 = 1 + ( 20 + 2)

Associative Property of Multiplication:
(ab)c = a(bc)

(3 · 5) · 8 = 3 · (5 · 8) (1.5 × 4) × 0.1 = 1.5 × (4 × 0.1)

Distributive Property of Multiplication 
over Addition:
a(b + c) = ab + ac

2(3 + 4) = 2 · 3 + 2 · 4 0.5[1 + (–4)] = (0.5)(1) + (0.5)(–4)

Distributive Property of Multiplication 
over Subtraction:
a(b – c) = ab – ac

2(8 – 5) = 2 · 8 – 2 · 5

Additive Identity:
a + 0 = 0 + a = a

5 + 0 = 0 + 5 = 5

Multiplicative Identity;
1 × a = a × 1 = a

1 × 3 = 3 × 1 = 3

Multiplicative Property of 0:
0 × a = a × 0 = 0

0 × 3 = 3 × 0 = 0

Property Justifi cations for Not Existing in the 
Whole-Number System

Examples from the Rational Number System

Closure for Subtraction
For any two numbers in the set, their differ-
ence is in the set.

For 5 − 7 = n, 
there is no whole number, n, such 
that n + 7 = 5.

5 − 7 = −2,
−2 is a rational number.

Closure for Division
For any two numbers in the set (as long as 
the divisor is not 0), their quotient is in the 
set.

For 5 ÷ 7 = n, 
there is no whole number, n, such 
that n × 7 = 5.
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the whole-number system and in the rational number system. In initial ex-
periences with computation with negative numbers, teachers should have 
students use integers. Once students understand the procedures for comput-
ing with integers, they can use their previous knowledge of computation with 
positive fractions and decimals coupled with their new understanding of the 
procedures for computation with integers to add, subtract, multiply, and di-
vide with all rational numbers.

Adding and subtracting rational numbers

Teachers should help students begin to develop fl uency in computation across 
the entire set of rational numbers by starting with integers to represent situ-
ations involving owing (or debt), temperatures below zero, elevation, and so 
on. Students should be able to use various models to represent integers. This 
progression is shown in the following classroom discussion about the problem 
“You owe your brother $7. How can you use integers to represent your debt?”

 Teacher: You can use negative numbers to represent an amount owed. 
If you owe $7, you can think of that as you having −7 dollars. How can you 
model −7? I see that some students made different models. Mark, can you ex-
plain your model?
 Mark: I made a number-line model. I started at 0 and then moved 7 units 
left to plot −7.

 Teacher: That makes sense, Mark. Jessica, can you explain your model?
 Jessica: I made an algebra tile model. I used 7 negative-one tiles to 
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Fig. 4.4. Some properties of whole numbers and rational numbers—Continued
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represent −7. They are kind of like IOU notes, like we use when we play 
Monopoly and someone runs out of money and wants to keep playing.

 Teacher: So, Jessica, how is your model like Mark’s model? 
 Jessica: I have a negative-one tile for every unit that Mark moved to the 
left of 0.
 Hank: I used two-sided counters and used the green side to show nega-
tive numbers. Each green counter is −1, so I used seven green counters to 
show −7. It is a lot like Jessica’s model.

 Once students understand how to represent situations such as “owing” 
with negative numbers and can model negative numbers in a variety of ways, 
the teacher can introduce a simple problem-solving context that students can 
model with integers, as shown in the continuation of the classroom discussion.

 Teacher: If you don’t have any other money, and you owe your brother $7, 
you can think of yourself as having a “net worth” of −7 dollars. Suppose you 
earn $4. How can you use integers to write a numerical expression that shows 
your net worth now?
 Mark: I owed 7 dollars, so I had −7 dollars. Then I earned $4, so it is like 
I added 4 to what I was worth. I represented that as −7 + 4.
 Teacher: I understand. Did anyone write a different expression?
 Lee: I thought of it in a different way. I thought that when I got those 
4 dollars, I would give them to my brother right away, which would be like 
subtracting 4 dollars of debt from my total debt, so I wrote −7 − (−4). 
 Teacher: Interesting. Actually, the expressions −7 + 4 and −7 − (−4) repre-
sent the same relationship. Negatives and positives in mathematics work very 
much like negatives and positives in language. If you put two negative words 
together, they make the sentence positive. For example, if I say, “I do not not 
have a dog,” what I mean is that I do have a dog. It is the same in mathemat-
ics. If you subtract a negative number, it is like adding a positive number. You 
are taking away a negative amount, which is like adding a positive amount.

 Once teachers have given students opportunities to model situations us-
ing integer expressions, they can lead students one step further to writing and 
solving equations using integers. Again, students should explore various ways 
to model integer equations and use the models to solve them, as is evidenced 
in the continuation of the preceding classroom discussion.

 Teacher: Suppose you don’t have any money to start with, you owe your 
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brother $7, and you earn $4 that you pay back to him. What is your net 
worth now? Are you still in debt? We can use the expressions that Mark and 
Lee wrote to write equations to represent the situation. With Mark’s expres-
sion, the equation would be −7 + 4 = x. With Lee’s expression, the equation 
would be −7 − (−4) = x. Let’s use models to show how to solve the equations. 
Using Mark’s model, let’s draw an arrow 7 units long to the left of 0 to repre-
sent −7. His equation is −7 + 4 = x. To show adding 4, we can draw an arrow 
from −7 that is 4 units to the right to represent adding a positive 4. Label it  
+ 4 to indicate adding 4. The value of x is the point on which we land. What 
is the value of x? [x = −3] So −7 + 4 = −3.

Now let’s use Jessica’s algebra tiles to model −7 + 4 = x. To show adding 4, 
place 4 positive-one tiles below the 7 negative-one tiles. 

One positive-one tile and one negative-one tile make a “zero pair” because 
they are additive inverses: +1 + (−1) = 0. You can circle the zero pairs to show 
that those pairs of tiles combine to make a value of zero. The tiles that are left 
show the value of x.

Now let’s use algebra tiles to model Lee’s equation, −7 − (−4) = x. To show 
subtracting −4 with algebra tiles, you need to take away four negative-one 
tiles. The tiles that are left show the answer.

The remaining tiles
show the answer:
–7 + 4 = –3

Take away 
all pairs that
combine to 
make zero.

The remaining tiles
show the answer:
–7 – (–4) = –3

Take away four
negative-one 
tiles.

– 10 – 8 – 6 – 4

+4

– 7

– 2 0 2 4 6 8 10
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Notice that −7 + 4 = x and −7 − (−4) = x both have the same solution, x = −3. 
Your net worth is now −3 dollars; since the 3 is negative, you owe 3 dollars.
 Students should have many opportunities to represent, model, and solve 
problems using equations and integers. Through modeling integers in mean-
ingful situations, students can build a deeper understanding of efficient, ac-
curate, and generalizable methods for adding and subtracting with integers. 
Several examples of models are provided in figure 4.5. Although a number 
line also can be used to model subtracting negative numbers, the counter or 
algebra tile models may be more intuitive for students.

Fig. 4.5. Models showing addition and subtraction with integers
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Number-Line Model

Your net worth is $3, and you get a bill for $5. What is your net worth now?
3 + (−5) = −2

– 10 – 8 – 6 – 4

–5

–3

– 2 0 2 4 6 8 10

Your net worth is −$3, and you buy something on credit for $5. What is your net worth now?
–3 – 5 = –8

– 10 – 8 – 6 – 4

–5

3

– 2 0 2 4 6 8 10

You have $3, and you agree to give someone $5. What is your net worth now?
3 – 5 = –2

– 10 – 8 – 6 – 4

3 the opposite of –5

– 2 0 2 4 6 8 10

Your net worth is $3, and your friend says that you don’t have to pay him the $5 you owe him. 
What is your net worth now?
 3 − (−5) = 8

(Continued on next page)
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Fig. 4.5. Models showing addition and subtraction with integers  —Continued

Counter Model (or Algebra-Tile Model)

Your net worth is $3, and you get a bill for $5. What is your net worth now?
3 + (−5) = −2

Remove all zero pairs.There are 
2 negative counters left, so the 
sum is –2.

Your net worth is −$3, and you buy something on credit for $5. What is your net worth now?
–3 – 5 = –8

Start with 3. Add –5.

Remove 5 positive counters. There are 
8 negative counters left, so the 
difference is –8.

Your net worth is $3, and you agree to give someone $5. What is your net worth now?
3 – 5 = –2

Start with –3. Add just enough zero pairs to 
have 5 positive counters. 
(Adding zero pairs does not 
change the value.)

Remove 5 positive counters. There are 
2 negative counters left, so the 
difference is –2.

Your net worth is $3, and your friend says that you don’t have to pay him the $5 you owe him. 
What is your net worth now?
 3 − (−5) = 8

Start with 3. Add just enough zero pairs to 
have 5 positive counters. 

Remove 5 negative counters. There are 
8 positive counters left, so the 
difference is 8.

Start with 3. Add just enough zero pairs to 
have 5 negative counters. 

(Continued on next page)
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Fig. 4.5. Models showing addition and subtraction with integers  —Continued
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difference is 8. 

Charged Field Model

Your net worth is $3, and you get a bill for $5. What is your net worth now? 

3 + (–5) = –2 

−3 − 5 = –8 

Your net worth is −$3, and you buy something on credit for $5. What is your net worth now? 

Your net worth is $3, and you agree to give someone $5. What is your net worth now? 
3 − 5 = −2 

Your net worth is $3, and your friend says that you don’t have to pay him the $5 you owe him. What is your net 
worth now? 

Start with a 0 charged 

field (any number of 

+/– pairs). 

Put in 3 positive 

charges to add 3. 

Put in 5 negative charges to add –5. 

The result is a –2 charged field, so the 

sum is –2. 

Start with a 0 charged 

field. 

Put in 3 negative 

charges to add –3. 

Remove 5 positive charges to subtract 5. 

The result is a –8 charged field, so the 

difference is –8. 

Start with a 0 charged 

field. 
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charges to add 3. 

Remove 5 positive charges to subtract 5. 

The result is a –2 charged field, so the 

difference is –2. 
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−3 − 5 = –8 

3 − 5 = −2 

3 − (−5) = 8 

(Continued on next page)
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 As students work with number lines, counters, and charged fields, they 
begin to gain an appreciation for the special nature of the number zero in 
the system of rational numbers. Zero is neither positive nor negative, and it 
separates the set of positive numbers from the set of negative numbers on the 
number line. Also, zero is the sum of any number and its opposite. This fact 
is used extensively in models of operations with integers, in which zero pairs, 
a combination of a “positive one” and a “negative one,” can be used to repre-
sent the equation 1 + (–1) = 0. When using counters, any number of pairs of 
+1 and −1 can be used to represent the number zero, and in the charged field 
model, any number of +/− pairs can be used in the field to represent a  
“0 charged field.” So for example, beginning with 10 +/− pairs in the field 
represents the equation 10 + (–10) = 0, beginning with 8 +/− pairs in the field 
represents the equation 8 + (–8) = 0, and so on. During their exploration of 
integer models, students learn that many different ways to represent zero are 
possible, and they understand zero to mean much more than just “nothing.”
 Through students’ experiences with modeling integer addition and sub-
traction, they begin to develop the generalized computation rules, as shown 
in figure 4.6.

 After students develop an understanding of how to add and subtract inte-
gers, they are ready to learn that they can apply the same procedures for add-
ing and subtracting all rational numbers. At this point, students in grade 7 
are ready to connect their understandings of how to add and subtract positive 
decimals and fractions and how to add and subtract integers to extend their 
computational skills to include adding and subtracting negative fractions and 
decimals. Examples of the types of rational number expressions that students 
should be able to evaluate are shown in figure 4.7.

Fig. 4.5. Models showing addition and subtraction with integers—Continued
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Adding Integers

Rule Examples

To add two integers that have the same sign: 
Add the absolute values.
Use the sign of the addends.

3 + 5 = 8
−3 + (−5) = −8

To add two integers that have different signs:
Subtract the lesser absolute value from the greater absolute value.
Use the sign of the addend that has the greater absolute value.

3 + (−5) = −2
−3 + 5 = 2

The sum of any integer and its opposite is zero. 6 + (−6) = 0
−1 + 1 = 0

Subtracting Integers

Rule Examples

To subtract an integer, add its opposite. 3 − 5 = 3 + (−5) = −2
3 − (−5) = 3 + 5 = 8

Fig. 4.6. Rules for adding and subtracting integers
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Multiplying and dividing integers

After learning how to add and subtract rational numbers, students are ready 
to learn how to multiply and divide rational numbers. As with addition and 
subtraction, it is beneficial for students to apply what they know about multi-
plicative relationships with whole numbers to explore multiplicative relation-
ships using integers. Then they can generalize their understandings to all ra-
tional numbers. 
 There are several ways to show students the results of multiplying with 
integers. One way is to explore patterns, as shown in figure 4.8.

Fig. 4.7. Examples of addition and subtraction with rational numbers  —Continued
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Reflect As You Read
Prior to reading this section, think about how you explain to your students the rules 
for multiplying and dividing integers so that the rules make sense.
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2 × 3 = 6

2 × 2 = 4

2 × 1 = 2

2 × 0 = 0

2 × (−1) = −2

2 × (−2) = −4

2 × (−3) = −6

6 × 3 = 18

6 × 2 = 12

6 × 1 = 6

6 × 0 = 0

6 × (−1) = −6

6 × (−2) = −12

6 × (−3) = −18

Fig. 4.8. Examples that show how to use patterns to explore  
multiplication of integers

 As students experience more and more of these carefully constructed 
patterns, they begin to see that if you multiply a positive number by a posi-
tive number, you get a positive number. If you multiply a positive number 
by a negative number, you get a negative number. During classroom discus-
sions about multiplication of integers, a teacher can point out that it is dif-
ficult to model “negative 2” groups, so students can use the patterns they 
developed along with their understanding of the commutative property to 
suggest a rule for multiplying a negative number times a positive number. 
For example, a teacher might explain that students saw from the pattern 
that 2 × (−3) = −6. Also, they know from the commutative property of mul-
tiplication that 2 × (−3) = (−3) × 2, so it is true that (−3) × 2 = −6. Teachers 
can extend students’ understanding by having students use what they know 
about opposites to suggest a rule for multiplying a negative number times a 
negative number. For example, a teacher might explain that, from the pat-
tern, students saw that 2 × (−3) = −6. Also, students know that −2 is the op-
posite of 2 and 6 is the opposite of −6, so it make sense that –2 × (–3) is the 
opposite of 2 × (–3), and –2 × (–3) = 6.
 Teachers can also use various models to represent multiplication of in-
tegers. One such representation involves the charged field model. In the 
charged field model, as shown in figure 4.9, if the number of groups is posi-
tive, you put in either positive or negative charges. If the number of groups 
is negative, you take out either positive or negative charges. If the number 
in each group is positive, you either put in or take out positive charges. If 
the number in each group is negative, you either put in or take out negative 
charges.
 After students have learned about and understand the rules for multi-
plying integers, they can use what they know about the mathematical rela-
tionship between multiplication and division to discover the rules for divid-
ing integers. Specifically, they can think of division problems as multiplica-
tion problems with missing factors, as shown in figure 4.10.
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Fig. 4.9. Using charged fields to model integer multiplication
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 Teachers should help students by explaining that they should ask them-
selves questions, such as in the example 12 ÷ (−3), “What times −3 will 
equal 12?” If students have developed a thorough understanding of the rules 
for multiplying integers, they will realize that −4 × −3 = 12, and so  
12 ÷ (−3) = −4.
 Through carefully structured experiences, students can learn the related 
rules for multiplying and dividing integers, which are summarized in figure 
4.11.

 

Students should be encouraged to summarize the rules for multiplication 
and division of one integer by another: “When the signs are the same, the 
answer is positive. When the signs are different, the answer is negative.” 
Teachers should also point out that the product of any number and zero 
is zero, and zero is neither positive nor negative. Also, students can use 

Fig. 4.10. How to use multiplication to divide integers

Division Problem Corresponding Missing-Factor Problem 

Positive ÷ positive  
12 ÷ 3 = ? 

 
? × 3 = 12  4 × 3 = 12, so 12 ÷ 3 = 4. 

Positive ÷ negative  
12 ÷ (−3) = ? 

 
? × (−3) = 12  −4 × (−3) = 12, so 12 ÷ (−3) = −4. 

Negative ÷ positive  
−12 ÷ 3 = ? 

 
? × 3 = −12  −4 × 3 = −12, so −12 ÷ 3 = −4. 

Negative ÷ negative  
−12 ÷ (–3) = ? 

 
? × (–3) = −12     4 × (–3) = –12, so –12 ÷ (–3) = 4.    

Fig. 4.11. Rules for multiplying and dividing integers

Rules for Multiplying and Dividing Integers

positive × positive = positive

positive × negative = negative

negative × positive = negative

negative × negative = positive

positive ÷ positive = positive

positive ÷ negative = negative

negative ÷ positive = negative

negative ÷ negative = positive
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the defi nition of division to confi rm that if you divide zero by any rational 
number other than zero, the quotient is zero (i.e., when q ≠ 0, 0 ÷ q = 0 be-
cause 0 × q = 0) and that dividing by zero is undefi ned (i.e., for r ≠ 0, r ÷ 0 
is undefi ned because there is no rational number that you can multiply by 0 
to get a nonzero r). Note that students might reason that the quotient 0 ÷ 0 
is 0 because 0 × 0 = 0; however, if the quotient 0 ÷ 0 = n existed, n could be 
any rational number, since any number times 0 equals 0. Therefore, 0 ÷ 0 is 
undefi ned because an infi nite number of answers are possible.
 After students develop an understanding of how to multiply and divide 
integers, they are ready to learn that they can apply the same procedures 
for multiplying and dividing all rational numbers (except for division by 0). 
At this point, students in grade 7 are ready to connect their understandings 
of how to multiply and divide positive decimals and fractions and how to 
multiply and divide integers to extend their computational skills to include 
multiplying and dividing negative fractions and decimals. Examples of the 
types of rational number expressions that students should be able to evalu-
ate are shown in fi gure 4.12.

Percent as a fraction or decimal
In grade 7, students develop an understanding of percent as a part-to-whole 
ratio where n percent means n parts out of 100 total parts. The word percent 
means hundredths, out of a hundred, or per hundred. Since a ratio can be 
represented with a fraction, percents can be represented with fractions and as 
decimals. In previous grades, students have explored equivalent fractions and 
decimals. Specifi cally, they learned to write a fraction in the form 

a
b

as an equivalent terminating or repeating decimal by using division, and they 
learned to write a terminating decimal as an equivalent fraction in the form 

a
b

.

In grade 7, they extend this understanding to include fl exible translation 
among equivalent percent, fraction, and decimal forms. For example, a stu-
dent who knows that 34 percent means 34 out of 100 should be able to use 
her or his understanding of rational numbers and ratios to reason that 

34 34
100

0 34% .34% .34 0 3% .0 3% .= =% .% .= =% .

and 

34 34
100

17
50

% .% .34% .34 17% .17% .= =% .% .= =% .

 Hundredths grid models can help students connect percent, fraction, and 
decimal notation, as shown in fi gure 4.13.
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 As students work with percents, they begin to gain an understanding of a 
percent of a number. Number lines can aid students in this understanding, as 
shown in figure 4.14.

Fig. 4.12. Examples of multiplication and division with rational numbers

Multiplication and Division Practice Examples 
Multiply or divide as if the numbers were both positive. 

Determine the sign, and write the answer.
 

 

( )( ) ( )( )
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( ) ( ) ( ) ( ) ( )( )
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10 224 2240
× = ←
× =− ←
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– ggn Negative positive = negative.. ×

− −
1
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1
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3 1
2

1
7

−
3 1

2
1
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7
2

1
7

= = ←

− =−

1
2

3 1
2

1
7

Multiply.

11
2

Write the sign. Positive negat← × iive = negative.

1 24 4. (– )÷ )4 1 24
0 31

1 24
.
.

.
. (

Divide←

÷ −44 0 31) .=− ← ÷Write the sign. Positive negative = negative.

− ÷ −
1
2

2 1
2

1
2

2 1
2

1
2

5
2

÷ = ÷ = = ←

−

1
2

2
5

1
5

1
2

Divide.

÷ − =2 1
2

1
5

Write the sign.←

Negative negative =÷
positive.

1
2

1
4

1
8

1
2

= ←

−

Multiply.

− = ← ×
1
4

1
8

Write the sign. Negative negative = positive.

×

×

×
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 Students also begin to understand the connections among finding a per-
cent of a number, finding a fraction of a number, and multiplying a number 
by a decimal. Number lines can also help students gain this understanding, as 
shown in figure 4.15. Through carefully structured experiences such as these, 
students begin to develop the understanding of the equivalencies of fractions 
and decimals that will enable them to convert flexibly from one form of ratio-
nal number to another.

1 out of 100 or 1 hundredth

73 out o

1
100

0 01 1= =. %

ff 100 or 73 hundredths
73

100
0 73 73= =. %

25 out of 100 or 25 hundredths
25

100
0 25 25

25
1

= =. %

000
1
4

1
4

0 25 25= = =, . % so

100 out of 100 or 100 hundrredths

 so 1 = 

100
100

1 00 100
100
100

1 1 00 10

= =

= =

. %

, . 00%

Fig. 4.13. Using grid models to represent percent, decimal,  
and fraction equivalencies
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 Students should use equivalent fractions, percents, and terminating and 
repeating decimals to represent rational numbers in a variety of contexts. As 
they work with these representations, students begin to realize that some 
decimals are terminating, some are repeating, and some, such as π (pi), are 
neither repeating nor terminating. Students learn that only terminating and 
repeating decimals are included in the rational number system, and numbers 
like π are not included in the rational number system. Experiences with such 

Fig. 4.14. Number lines that help students understand percent
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numbers as π introduce students to irrational numbers and the real number 
system that they will work with in later grades.
 Part of students’ understanding of rational numbers includes being able 
to distinguish between a fraction that results in a terminating decimal and 
one that results in a repeating decimal. Through many opportunities to con-
vert fractions to decimals using division, students gain the ability to generalize 
that any fraction in simplest form whose numerator is an integer and whose 
denominator's prime factorization has prime factors of only 2 and/or 5 has a 
terminating decimal representation, because denominators with factors of only 
2 and/or 5 can be multiplied by the appropriate number of factors of 2 and/
or 5 to make pairs of factors of 2 and 5, resulting in powers of 10.  For exam-
ple, 3/20 has a denominator with two factors of 2 and one factor of 5, so 3/20 
can be multiplied by 5/5 to make two pairs of factors of 2 and 5, forming the 
equivalent fraction 15/100, which is equal to 0.15.
 Students learn that all the other rational fractions, that is, the fractions in 
simplest form whose numerators are integers and denominators have prime 

Fig. 4.15. Example of equivalencies among finding the percent of a number, finding a fraction of  
a number, and multiplying by a decimal
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factors other than 2 or 5, have repeating decimal representations, because 
those denominators cannot be multiplied by integers to form powers of 10.  
For example, 

3 1 2727 0 27/ .3 1/ .3 11 0/ .1 0 . .0 2. .0 27. .7= =2727= =2727/ .= =/ .1 0/ .1 0= =1 0/ .1 0 

Examples of some fractions, the prime factorization of their denominators, 
and their terminating or repeating decimal equivalents are shown in fi gure 
4.16.

Equations and rational numbers
In grade 7 students apply both their understanding of the properties of ratio-
nal numbers and their computational skills to solve equations. They then apply 
these skills as they use equations to solve problems.

Fig. 4.16. Examples of how to determine if a rational number has a terminating or 
repeating decimal representation
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 In grade 6, students learned about the equality properties of addition, sub-
traction, multiplication, and division. For example, they learned that they can 
divide both sides of an equation by the same nonzero number and create an 
equivalent equation, that is, 42 = 6x is equivalent to 42/6 = x because you can 
divide both sides of the equation by 6 and still maintain the same solution. 
They also learned that if two equations are equivalent, a solution to one equa-
tion is a solution to the other equation. Using the previous example, if x = 7 is 
a solution to the equation 42/6 = x, it is also the solution to the equation 42 = 
6x. Students can test this result by substitution:

42 6
42 6 7
42 42

=

= ( )6 7( )6 7
=

x 42
6
42
6

7

7 7

=

=

7 7=7 7

x

 Although students have solved equations with one variable in previous 
mathematical experiences, in grade 7 they learn to apply the properties of ra-
tional numbers, specifi cally the multiplicative inverse property and the addi-
tive inverse property, to solve equations. Consider the example 25 = x + 15. 
The additive inverse property states that the sum of a number and its additive 
inverse is 0. A step in solving some equations is to create an equivalent equa-
tion of the form x = _______. Since 15 is added to x, students learn that they 
can write an equivalent equation by adding the additive inverse of 15, −15, to 
both sides of the equation to get the following:

 25 = x + 15
25 + (–15) = x + 15 + (–15)

  10 = x + 0
        10 = x

 In grade 7 students begin to make the connection that subtracting a 
number is the same as adding the opposite of the number. The solutions in 
Figure 4.17 show this transition.

Subtracting a Number to
 Solve

25 = x + 15

      25 –15 = x + 15 – 15

                    10 = x

Adding the Additive Inverse to 
Solve

             25 = x + 15

25 + (–15) = x + 15 + (–15)

             10 = x

Fig. 4.17. Transitioning from using subtraction to solve an equation to using 
the additive inverse



Focusing on Understanding the Rational Number System

105

 In the same way, students transition from using division to using the 
multiplicative inverse property to solve equations. The multiplicative inverse 
property states that if you multiply a number and its multiplicative inverse, 
in either order, the product is 1. For example, the multiplicative inverse of 6 
is 1/6 because 6 × 1/6 = 1. Through carefully constructed examples, students 
learn that dividing by a number is the same as multiplying a number by its 
multiplicative inverse, also called its reciprocal. For example, 2 and 1/2 are 
multiplicative inverses, so 6 ÷ 2 = 3 and 6 × 1/2 = 6/2 = 3. This transition can 
be seen in the example in figure 4.18.

Dividing by a Number to 
 Solve

42 = 6x

42 ÷ 6 = 6x ÷ 6

7 = x

Multiplying by the Multiplicative 
Inverse to Solve

42 6

42 1
6

6 1
6

7

=

=

=

x

x

x

• •

Fig. 4.18. Transitioning from using division to solve an equation to using the 
multiplicative inverse

 As students begin using the multiplicative inverse property to solve equa-
tions, they should also begin to transition to thinking of, for example, 3x as 
(3/1)x and x/3 as (1/3)x. Understanding these equivalencies will help prepare 
students to solve equations involving rational coefficients, such as (2/3)x, by 
multiplying by the multiplicative inverse of 2/3, or 3/2. 
 Teachers can present students with opportunities to connect their under-
standings of equations and rational numbers and their properties as illustrat-
ed in the following classroom discussion of this problem: 

Suppose Joey owes his sister $10. You can think of Joey’s net worth as 
−10 dollars. Then he got some money and used the money to pay back 
his sister. After paying some of the money back, he still owes $2. How 
much did he pay back?

 Teacher: What equation did you write to represent the problem?
 Maria: I wrote –10 + x = –2, because Joey started with −10 dollars. Then 
he got an unknown amount of money, so he added that money to the amount 
he had, so I wrote –10 + x. After he paid the money, he still owed 2 dollars, 
which is like having −2 dollars, so I wrote the equation –10 + x = –2.
 Teacher: I see how you got that equation. How would you solve your 
equation, Maria?
 Maria: Well, −10 is added to x, so I would subtract −10 from both sides 
of the equation.
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–10 + x = –2
–10 – (–10) + x = –2 – (–10)

                   x = –2 + 10
        x = 8

 So Joey paid his sister 8 dollars.
 Teacher: You used the opposite of addition, subtraction, and the subtrac-
tion property of equality. That is one way to find the answer. As I was walk-
ing around, I saw that some of you used the equation –10 + x = –2 but solved 
it a different way. Would someone like to explain what they did?
 Tabitha: I will. I used the additive inverse. I know that the additive in-
verse of −10 is +10, because −10 + 10 = 0. So I added 10 to both sides to solve 
the equation.

–10 + x = –2
–10 + 10 + x = –2 + 10

         x = 8

 Teacher: Interesting. Look at what Tabitha and Maria did to solve the 
equation. One subtracted −10 from both sides. One added 10 to both sides. 
They both got x = 8. That makes sense because when you subtract, you add 
the opposite, so subtracting −10 is like adding 10. I saw that some of you 
wrote a different equation. Would anyone like to share another equation that 
you can use to solve the problem?
 Yashi: I used a different equation. I used –10 − (−x) = –2. I thought about 
it like this: Joey started with −10 dollars. When he paid an unknown amount 
of money, it was like he was subtracting a certain amount of his debt. The 
amount he subtracted was negative x, so I wrote –10 − (−x). He still had 2 
dollars of debt, so –10 − (−x) = –2.
 Teacher: That is another way to look at the problem. How did you solve 
the equation?
 Yashi: Well, subtracting a negative number is like adding a positive num-
ber, and x is a number, so I rewrote the equation as –10 + x = –2. Then I 
solved it using the additive inverses and the equality property of addition like 
Tabitha.
 Teacher: As you can see, understanding that subtracting a negative num-
ber is the same as adding a positive number is important when representing 
and solving problems involving rational numbers in equations.

 During discussions such as the previous one, teachers should emphasize 
that as students solve an equation, they are using properties of equality to 
write equivalent equations. Each equation in the solution should be equiva-
lent to the equation before and after it. 
 Equations can be tested for equivalence by having students substitute the 
solution value for x into each equation, as shown in figure 4.19.



Focusing on Understanding the Rational Number System

107

–10 + x = –2

   –10 – (–10) + x = –2 –(–10)

x = –2 + 10

x = 8

 –10 + 8 = –2

    –10 – (–10) + 8 = –2 –(–10)

8 = –2 + 10

8 = 8

Fig. 4.19. Example illustrating that solving equations results in a set of 
equivalent equations

 After students become proficient with solving simple one-step equations, 
or equations involving one operation, they can begin to solve two-step equa-
tions, or equations involving two operations. Students need to understand the 
order of operations to solve these equations. They learn that the most gener-
alizable way to solve two-step equations is to apply operations in the opposite 
order as that used for computing; “undo” the addition or subtraction before 
“undoing” the multiplication or division. An example of solving a two-step 
equation is shown in figure 4.20.

 Referring to figure 4.20, as students become more familiar with the pro-
cess of solving equations, they can eventually leave out such equations as  
3x + 0 = 5 and 1x = 5/3, since they will have developed the understanding 
of the additive and multiplicative identities: that any number plus 0 is that 
number and that any number times 1 is that number.
 After students have had many experiences solving equations involving 
integers, teachers should present parallel problems that involve other ratio-
nal numbers, as shown in figure 4.21. As students solve equations that require 
more steps, they will need to make strategic choices regarding how to solve 
the equations to ensure both the accuracy and efficiency of their problem-
solving techniques.
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Reflect As You Read
What are the advantages of having students understand multiple equivalent ways to 
represent the same problem?
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Fig. 4.21. Examples of using equations with rational numbers to solve problems

Problem 1:

The water level in a reservoir is 4  1
6

ffeet below normal during a drought. After a raiin, the

water level is 2  feet below normal. H3
4

oow many feet did the water level rise?

Solution:
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The water level rose  feet.

Problem 2: 
You buy a pizza and 5 drinks for $20.700. The pizza costs $12.95. Each drink cost the
ssame amount. What is the cost of each drink?

Solution:
12 95 5 20 70

12 95 12 95 5 20 70
. .

. ( . ) . (
+ =

+ − + = + −
x
x 112 95

5 7 75
1
5

5 1
5

7 75
1 55

. )
.

.
.

x

x
x

=

× = ×

=

The cost of eacch drink is $1.55.

Fig. 4.20. Solving a two-step equation

3 1 4x x– = ←When computing, the value for  is first  multiplied by 3, and then 1 is subtracted
from tthe product.
Think of –1 as "adding 3 1 1 4 1x – + = + ← ––1," and use the addition property of equality  to add the
additive inverse, +1, to both sides  of the equation to create an equivalent
equatioon.

Use the multiplicative

3 0 5
3 5

1
3

3 1
3

5

x
x

x

+ =
=

× = × ←   property of equality to multiply both sides off the equation 
by the multiplicative inverse off 3, which is1/3, to create an equivalent equation.

11 5
3
5
3

x

x

=

=

To solve, first “undo” the subtraction, then the multiplication.
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Strengthening Understanding of  
Rational Numbers through Problem 
Solving
For students to develop skills for computing with rational numbers and gain 
an appreciation of the power of the rational number system, they need op-
portunities to solve problems involving rational numbers. Teachers should 
structure problem-solving opportunities to highlight relevant concepts, such 
as the application of additive and multiplicative inverses, properties of equal-
ity, and operations with rational numbers.
 The problems shown in figure 4.22 are examples of problems that can 
be used to highlight operations with rational numbers. The problems shown 
in figure 4.23 are examples of problems that can be used to highlight the 
properties of equality. The problem shown in figure 4.24 is an example of 
a problem that can be used to highlight the multiplicative inverse property. 
Problems involving measurement, like the one shown in figure 4.25, can help 
students understand how to use the equality properties to write equivalent 
equations involving rational numbers.

Fig. 4.22. Examples of problems that highlight operations with rational numbers

Month January February March April May June 

Change in Account 
Balance 

+$12.50 −$32.00 −$10.50 +$44.00 −$12.00 −$6.80 

 

Problem 1:
The temperature was –3º C at night. Thee temperature dropped 5 degrees next morning.
Whhat was the temperature the next morning?

Solution:

Problem 2:

− −( )= − +− =−3 5 3 5 8
The temperature was –8º C.

Kevin has a savings account. He keeps trrack of the change in the account balance each  month by 
recording a positive amount for an inncrease and a negative amount for a decrease. The table shows
what Kevin recorded for six montths.

What was the average change per month (the  mean of the changes)? Was it a decrease or an  increase?
Show your work.

Solution:
12 50 32. (– ) (+ + –– . ) (– ) (– . )10 50 44 12 6 80

6
– .0 80+ + +

=

The change was aa decrease of $0.80 per month.

–4.8 =
    6
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Fig. 4.23. Examples of problems that highlight the properties of equality

Fig. 4.24. Example of a problem that highlights the multiplicative inverse property

Problem:

A muffin recipe calls for  cup of flou2
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•

2
3

3
2

2
3

3
2

x = ••

You can make 8 batches, or 8 f

11
2

1 33
4

8 1
4

1
4

x

x

=

=

uull batches of muffins.

Let x represent the number of batches. ←

Problem 1:
Amanda earns $7.80 per hour. One week sshe earned $128.70. How many hours did 
she workk?

Use

Solution:
7 80 128.70
7 80
7 80

128 70
7 80

.
.
.

.
.

x
x
=

= ←   the division property of equality.

Amand
x = 16 5.

aa worked 16.5 hours.

Problem 1:

Solution:

16 95 2 3. .+ 55 30 00x x= ←. Let  represent the number of pairs off socks.

Let x represent the number of hours. 

Use the 16 95 16 95 2 35 30 00 16 95. – . . . – .+ = ←x ssubtraction property of equality. Subtract 16.995
                      from both s2 35 13 05. .x = iides.

Use the division prop2 35
2 35

13 05
2 35

.
.

.
.

x
= ← erty of equality. Divide each

                         side by 2.35.

You can buy 5 pairs 

x = 5 55.

oof socks. The solution to the equation is  not a whole number, but 
the answer  to the probem must be a whole number to make ssense.

You have $30. You want to buy a shirt for $16.95 and as many pairs of socks as possible for $2.35
per pair. How many pairs of socks can you buy? Write and solve an equation to solve the problem.
State what your variable represents. Identify the properties you use. If the solution to your equation 
is not the answer to the problem, explain why.

←
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Strengthening Understanding through 
Connections
In grade 7 students make connections among their growing understandings 
of the structure of number and operations, specifically multiplication and di-
vision, as they learn how to determine if a counting number greater than 1 is 
prime or composite. The concepts of prime and composite come into play of-
ten as students analyze a rational number as to whether it is in simplest form, 
determine whether a rational number can be represented by a terminating 
decimal, and multiply rational numbers by identifying common factors in the 
numerator and denominator of the product. 
 Students learn that a prime number is a positive integer with exactly two 
positive integral factors—the number itself and 1. They learn that a positive 
integer with more than two positive integral factors is composite. And, since 
1 has only one positive integral factor, it is neither prime nor composite; it is 
the multiplicative identity. Students then connect this understanding of prime 
numbers to the fundamental theorem of arithmetic, which says that every 
composite number can be written as a unique product of prime factors, order 

Fig. 4.25. Example of a problem involving measurement, equivalent  
equations, and rational numbers

width = 4
3

4

length = ?

Problem:

The perimeter of the rectangle shown is 26 un1
2

iits. 

Solutiion :
Use the perimeter formula  = 2  + 2  to P l w ffind the length.

                P l w

l

= +

=

2 2

26 1
2

2 ++ ←2 3
4

1 3
4

26

 (4 ) Substitute 26 for  and 4  for P w .

11
2

2 2
1

19
4

26 1
2

2 19
2

26 1
2

= +

= +

l

l

•

–– 19
2

2 19
2

= ←l                Subtract  from both ssides of the equation.

             17 2= l

                 Divide bo17
2
= ←l tth sides of the equation by 2.

8            1
2
= l       

The length iss 8  units.1
2

What is the length of the rectangle? 

2
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aside. For example, 12 can be written as 2 × 2 × 3. After students learn how 
to use exponents, they will write the prime factorization as 22 × 3. Students 
learn that a tree diagram can be a useful tool to organize the prime factors of 
a number, as shown in figure 4.26.

 Students can apply their understanding of prime factorization as they 
work with rational numbers. Specifically, they can use prime factorization to 
find the least common multiple (LCM) and greatest common factor (GCF) 
of a set of numbers, as shown in figure 4.27.
 Students also connect their work with rational numbers to the applica-
tion of percentages in making and interpreting histograms and circle graphs. 
Students learn that a histogram is a graph that uses bars to display data that 
are organized in intervals. Students can use percents to interpret the data in a 
histogram, as shown in figure 4.28.
 Students also learn how to apply rational numbers as they use percents to 
make and interpret circle graphs. A circle graph represents each type of data 
as a sector of a circle. Each sector represents a fraction, or percent, of the data. 
The sum of the fractions that the sections represent is 1. The sum of the  
percents that the sections represent is 100 percent. A circle graph is useful to 
display data as part of a whole. Because percents can be used to display data 
on a circle graph, students can apply their understanding of percent to make a 
circle graph. If students are given data, they can determine what percent of the 
data is represented by each section. Then they can use proportions to find the 
size of each section so that they can graph the data, as shown in figure 4.29.

Fig. 4.26. Two factor trees that show the prime factorization of 72

72 

6 × 12 

2 × 3 3 × 4 
 

2 × 2 

72 = 2 × 3 × 3 × 2 × 2 

                  = 23 × 3 2  

72 

8 × 9 

4 × 2 3 × 3 

 2 × 2 

72 = 2 × 2 × 2 × 3 × 3 

                  = 23 × 3 2 
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Fig. 4.27. Using prime factorization to find LCM and GCF

                                                    

                  

  Greatest Common Factor

              Use the GCF of 30 and 72 to write   in simplest form.

1. A fraction in simple

30
72

sst form has no common factors in the numerator  and 
   denominator except 1. To eliminate commmon factors, we can divide the numerator
   and  denominator by the greatest common factor of 330 and 72. To find the GCF of 30
   and 72, writte the prime factorization of the numerator andd denominator:
                                                             
          

30 2 3 5= × ×
                                                    72

 The GCF of 30 and 72 is the
= × × × ×2 2 2 3 3

2.   greatest number that can divide into both 30 aand 72
    evenly, so the GCF can include only tthe prime factors that both numbers have in 
     common. Therefore, the GCF of 30 and 72 has oone factor of 2 and one factor of 3:
                                                                       

 Divide the numerator and 
2 3 6

3
× =

. ddenominator by the GCF of 6 to simplify the fraaction:

                                                                     30
72

30 6
72 6

5
12

=
÷
÷

=        

                                                      

Use the LCM of 20 a

Least Common Multiple

nnd 15 to write  and  as fractions with c3
20

5
12

oommon denominators.

1. A common denominator for   and  is the LCM of 20 and 12.

    To fi

3
20

5
12

nnd the LCM of 20 and 12, write the prime factorrization of each number:
                                                                20 2= ×22 5×
                                                                
2. The LCM of 20 a

12 2 2 3= × ×
nnd 12 is the least number that can be divided eevenly by both 20 and

    12, so the LCM must innclude at least as many of each prime factor ass there are in
    either number. Therefore, thee LCM of 20 and 12 needs two factors of 2, one  factor of
     3, and one factor of 5. 
                                                               
. Use the LCM of 60 as the 

2 2 3 5 60
3

× × × =
ccommon denominator, and find the equivalent fraactions:

                                          3
20

3 3
20 3

9
60

5
12

5 5
12 5

25
60

=
×
×

= → =
×
×

=



Focus in Grade 7: Teaching with Curriculum Focal Points

114

Fig. 4.28. Using percent to interpret histograms

Typing Speed of Seventh Graders

Number of Words Per Minute

N
um

b
er

 o
f 

S
tu

d
en

ts

0–15

100

90

80

70

60

50

40

30

20

10

0

16–20 21–25 26–30 31–36

What percent of the seventh graders can type 21 to 25 words per minute?
x

x

x

100
70
280

280 7000
7000
2

=

=

=
880

25x =

So 25 percent of the seventh graders can  type 21 to 25 words per minute.

Can more than 550 percent of the seventh graders type more thaan 25 words per minute?
How do you know?

90 + 55  = 145 students can type more than 25 words perr minute.
x

x

x
x

100
145
280

280 14 500
14 500

280
51

=

=

=

≈

,
,

..8

So
which is greater than 50 percent.

 about 52 percent of the seventh graders caan type more than 25 words per minute,
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Fig. 4.29. Using percent to make circle graphs

 

Category                 Amount 
Spent ($) 

Shirts       112 

Pins       84 

Trips        56 

Supplies       148 

Category    Percent of 
Budget 

Shirts    28% 

Pins    21% 

Trips    14% 

Supplies   37% 

 

Problem:
The table shows the amount of money Janiice's
art club spent on different items. Janice makes a circle
graph to display the budget. Whaat does her circle 
graph look like?

Shirts:

The

112
400 100

400 11200
11200

400
28

=

=

=

=

x

x

x
x

,
,

  club spent 28% of the $400 on shirts.

Pins

The club sp

84
400 100

400 8400
8400
400

21

=

=

=

=

x

x

x
x

eent 21% of the $400 on pins.

1.
Solution:

  Find what percent of the whole budget that eacch amount represents.

112 + 84 + 56 +148 = 400;  the club spent $400 in all.

Trips:

The club 

56
400 100

400 5600
5600
400

14

=

=

=

=

x

x

x
x

sspent 14% of the $400 on trips.

Supplies:

T

148
400 100

400 14 800
14 800

400
37

=

=

=

=

x

x

x

x

,
,

hhe club spent 37% of the $400 on supplies.

2. Organize the percents in a table.

(Continued on next page)



Focus in Grade 7: Teaching with Curriculum Focal Points

116

Fig. 4.29. Using percent to make circle graphs  —Continued  

Shirts 
28% 

Pins 
21% Trips 

14% 

Supplies 
37% 

3. Then find the number of degrees in each sectoor of the circle. Round the degree measure to tthe 
     nearest degree if necessary.

Shirts:

The "Shirts" s

28
100 360

100 10 800
101

=

=
≈

x

x
x

,

eector is about 101º.

Pins:

The "Pins" sector i

21
100 360

100 7650
76

=

=
≈

x

x
x

ss about 76º.

Trips:

The "Trips" sec

37
100 360

100 13 320
133

=

=
≈

x

x
x

,

ttor is about 50º.

Supplies:

The "Supplie

37
100 360

100 13 320
133

=

=
≈

x

x
x

,

ss" sector is about 133º.

4. Use a protractor to make the circle graph. Laabel the graph.
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 Students can also use percents to interpret circle graphs, as shown 
in fi gure 4.30. 

Connections in later grades
In later grades, students will continue working with rational numbers when 
they use exponents and scientifi c notation to describe very large and very 
small numbers. For example, the equation 0.0015 = 1.5 × 10–3, showing 
0.0015 in scientifi c notation, contains rational numbers.
 Students’ knowledge of rational numbers will enable them to understand, 
by contrast, the concept of irrational numbers. Then, when they use square 
roots to solve nonlinear equations and to apply the Pythagorean theorem, 
they will be able to understand that some results are rational and some results 
are irrational, as illustrated in fi gure 4.31.

 In later grades, students will also develop an understanding of the con-
cept of function and how linear equations can be studied as functions. They 
will translate among geometric (graphical), numerical (tabular), verbal, and 
algebraic representations of linear functions in which the algebraic represen-
tation involves rational numbers, for example,

f x x( )f x( )f x = – –– –x– –x .2
3

1

Fig. 4.30. Using percent to interpret circle graphs  

Board 
Games 

15 

Sports 
Equipment 

24 

Action 
Figures 

35 

Building 
Sets 
40 

Other 
8 

Problem:
The circle graph shows the sales at a loccal toy store for 
one week. What percent of thee sales was sports equipment?

Find wh
Solution:

aat percent of 122 is 24.

24
122 100

122 2400
2

=

=

=

p

p

p 4400
122

19.7p ≈

19.7% of the sales was sports equipmentt.

In hundreds of dollars
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Fig. 4.31. Examples that illustrate rational and irrational numbers

 Students will relate systems of equations that involve rational numbers to 
pairs of lines that intersect, are parallel, or are the same line in the plane and 
understand that the solution to a system of two equations in two unknowns 
is a solution to both equations. They will use rational numbers to analyze and 
solve problems using linear equations and systems of linear equations. The 
equations will contain rational x-coefficients and rational y-intercepts, and 
their solutions will contain rational numbers, as shown in figure 4.32.

 

Solution 
(–4, –3) 

–8 –6 –4 –2 2

4

4

2

–2

–4

–6

–8

y =      x –11
2

y = – x –7

Fig. 4.32. Graph of a system of two linear  
equations in two unknowns involving  

rational numbers

 

 

Note: Although the solutions to the square roots
can be negative or positive, in the instance of 
the Pythagorean theorem, only positive solutions 
make sense.  

x

x

x

2 9
4

9
4

3
2

3
2

=

=

= or

�e solution is
rational.

–

x
x
x

2 14
14

3 74 3 74

=

=
≈ . – .or

�e solution is
irrationnal; its
approximate value
is 3.74 or –3.74.

a b c
c
c
c
c

2 2 2

2 2 2

2

2

3 5
9 25

34
34

+ =

+ =

+ =

=

± =

�e solution iss
irrational.

a b c

a
a

a
a
a

2 2 2

2 2 2

2

2

6 7 5
36 56 25

20 25
20 25

+ =

+ =( )
+ =

=

=

.
.
.

.
== 4 5. or –4.5

�e solution is
rational.

*Note: Although the solutions to the square rootts
can be negative or positive, in the stance oof the
Pythagorean theorem, only positive solutiions
make sense.

Nonlinear Equations Pythagorean �erom
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Developing Depth of Understanding
What activities can you give students to help them see the need for the set 
of rational numbers? How can you facilitate students’ transition from using 
positive and negative integers and whole numbers to using the set of rational 
numbers, including negative fractions and decimals?
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