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On September 12, 2006, the National Council of Teachers of Mathematics released Curriculum
Focal Points for Prekindergarten through Grade 8 Mathematics: A Quest for Coherence to encourage
discussions at the national, state, and district levels on the importance of designing a coherent

elementary mathematics curriculum focusing on the important mathematical ideas at each grade
level. The natural question that followed the release of Curriculum Focal Points was “How do we
translate this view of a focused curriculum into the classroom?”

Focus in Grade 8, one in a series of grade-level publications, is designed to support teachers, su-
pervisors, and coordinators as they begin the discussion of a more focused curriculum across and
within prekindergarten through grade 8, as presented in Curriculum Focal Points. Focus in Grade
8, in conjunction with the Focus in Grade 6 (NCTM 2010) and Focus in Grade 7 (NCTM 2010)
books, will provide a strong foundation for mathematics in a focused curriculum across grades 6
through 8. Important mathematics to prepare students for grade 8 is addressed in the publica-
tions Focus in Grade 6 and Focus in Grade 7. Additionally, teacher educators should find Focus in
Grade 8 usetul as a vehicle for exploring with their preservice teachers the mathematical ideas
and curriculum issues related to the suggested grade 8 Curriculum Focal Points.

The contributors to, and reviewers of, these publications, all active leaders in mathematics edu-
cation and professional development, guided the creation of this grade-level book as a frame-
work for lesson-study experiences in which teachers deepen their understanding of the mathe-
matical ideas they will be teaching. This book describes and illustrates instructional progressions
for the mathematical concepts and skills of each grade 8 Curriculum Focal Point, including
powerful representational supports for teaching and learning that can facilitate understanding,
stimulate productive discussions about mathematical thinking, and provide a foundation for flu-
ency with the core ideas. Because these instructional progressions cut across grades, you will see
the progressions in each grade accompanied by summaries of progressions before and after that
grade that connect to Focal Points and Connections in previous and following grades.

Whether you are working with your colleagues or individually, we hope you will find the discus-
sions of the instructional progressions, representations, problems, and lines of reasoning valuable
as you plan activities and discussions for your students and as you strive to help your students
achieve the depth of understanding of important mathematical concepts necessary for their fu-
ture success.

—Jane F. Schielack

Series Advisor
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PREFACE TO CURRICULUM FOCAL POINTS FOR
PREKINDERGARTEN THROUGH GRADE 8 MATHEMATICS

To address the need for a prototypical, coherent, grade-level-specific mathematics curriculum
linked to Principles and Standards for School Mathematics (NCTM 2000), the National Council of
Teachers of Mathematics asked a team of mathematicians, mathematics educators, and school-
based educators to identify three or four focal points in mathematics for each grade level, prekin-
dergarten through grade 8. The writing team—consisting of at least one university-level mathe-
matics educator or mathematician and one pre-K—8 classroom practitioner from each of the three
grade bands (pre-K—grade 2, grades 3-5, and grades 6-8)—worked together to create a set of focal
points that could serve as areas of emphasis for each grade level and be used as an outline for an
articulated pre-K-8 mathematics curriculum. The members of the writing team based their deci-
sions on recommendations from Principles and Standards, examinations of multiple curricula from
several states and countries, and reviews of a wide array of researchers’ and experts’ writings on the
subject.

We appreciate the contributions of all who have made this document possible.

On behalf of the Board of Directors,

Cathy Seeley Francis (Skip) Fennell
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Introduction

Purpose of This Guide

Your first question when looking at NCTM’s Curriculum Focal Points might
be “How can I use NCTM’s Focal Points with the local and state curriculum
I am expected to teach?” NCTM’s Curriculum Focal Points are not intended
to be a national curriculum but have been developed to help bring more con-
sistency to mathematics curricula across the country. Collectively, they con-
stitute a framework of how curricula might be organized at each grade level,
prekindergarten through grade 8. They are also intended to help bring about
discussion within and across states and school districts about the important
mathematical ideas to be taught at each grade level. Because of the current
variation among states’ curricula, the Curriculum Focal Points are not likely
to match up perfectly with any one state’s curriculum. This volume explores
the mathematics emphasized at grade 8 in the focused curriculum suggested
by the NCTM Curriculum Focal Points framework. Additional grade-level
and grade-band books are available from NCTM to help teachers translate
the Curriculum Focal Points identified for their grade level into coherent and
meaningful instruction. Taken together, this grade 8 guide, along with the
grades 6 and 7 guides (NCTM 2010) and the grade 6-8 grade-band guide
(Mirra 2009), can be used by groups of teachers in professional development
experiences as well as by individual classroom teachers.

Purpose of Curriculum Focal Points

The mathematics curriculum in the United States has often been character-
ized as a “mile wide and an inch deep.” Many topics are studied each year—
often reviewing much that was covered in previous years—and little depth

is added each time the topic is addressed. In addition, because education has
always been locally controlled in the United States, learning expectations can
significantly differ by state and local school systems. NCTM'’s Curriculum
Focal Points for Prekindergarten through Grade 8§ Mathematics: A Quest for
Coherence (2006) is the next step in helping states and local districts refocus
their curriculum. It provides an example of a focused and coherent curricu-
lum in prekindergarten through grade 8 by identifying the most important
mathematical topics, or “Focal Points,” at each grade level. The Focal Points
are not discrete topics to be taught and checked off, but rather a cluster of re-
lated knowledge, skills, and concepts. By organizing and prioritizing curricu-
lum and instruction in prekindergarten—grade 8 around Focal Points at each
grade level, teachers can foster more cumulative learning of mathematics by
students, and students’ work in the later grades will build on and deepen what
they learned in the earlier grades. Organizing mathematics content in this

A curriculum is more
than a collection of
activities: It must be
coherent, focused on
important mathematics,
and well articulated
across the grades.

—The Curriculum Principle,
Principles and Standards for
School Mathematics

It provides an example of a
focused and coherent curricu-
lum in prekindergarten through
grade 8 by identifying the most
important mathematical topics,
or “Focal Points,” at each grade
level.
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way will help ensure a solid mathematical foundation for high school math-
ematics and beyond.

Prior to the Curriculum Focal Points, the National Council of Teachers
of Mathematics began the process of bringing about change to school math-
ematics programs in the 1980s, particularly with the first publication to out-
line standards in mathematics, titled Curriculum and Evaluation Standards for
School Mathematics (NCTM 1989). That publication provided major direction
to states and school districts in developing their curricula. NCTM'’s Principles
and Standards for School Mathematics (2000) further elaborated on the ideas of
the 1989 Standards, outlining learning expectations in the grade bands of pre-
kindergarten—2, 3-5, 68, and 9-12. Principles and Standards also highlighted
six principles, which included the Curriculum Principle, to offer guidance for
developing mathematics programs. The Curriculum Principle emphasized
the need to link with, and build on, mathematical ideas as students progress
through the grades, deepening their mathematical knowledge over time.

The Impact of Focal Points on
Curriculum, Instruction, and
Assessment

Significant improvement can be made in the areas of curriculum, instruction,
and assessment by identifying Focal Points at each grade level. At the cur-
riculum level, Focal Points will allow for more rigorous and in-depth study
of important mathematics at each grade level. This rigor will translate to a
more meaningful curriculum that students can understand and apply. At the
instructional level, Focal Points will allow teachers to more fully know the
core topics they are responsible for teaching. Teachers will not necessarily

be teaching /ess or more but will be able to teach betzer. Professional develop-
ment can also be tailored to deepen teachers’ knowledge of these Focal Points
and connect these ideas in meaningful ways. Assessments can be designed
that truly measure students’ mastery of core topics rather than survey a broad
range of disparate topics, thus allowing for closer monitoring of students’ de-
velopment. At the level of classroom assessment, having a smaller number of
essential topics will help teachers have time to better determine what their
students have learned and whether they have learned the material deeply
enough to use and build on it in subsequent years. If state assessments are
more focused as well, more detailed information can be gathered for districts
and schools on areas for improvement.

Using This Focus in Grade 8 Book

Many teachers tell us that they did not have an opportunity in their teacher
preparation programs to build sufficient understanding of some of the math-
ematics topics that they now teach. The discussion of the mathematical ideas

presented here is detailed enough for teachers to begin building understand-
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ing of the mathematics contained in each grade 8 Focal Point. To further
understand what mathematics students are expected to learn before grade 8
and in later grades, teachers would benefit from examining the publications
Focus in Grade 6 INCTM 2010), Focus in Grade 7 (NCTM 2010), and Focus
in High School Mathematics: Reasoning and Sense Making (NCTM 2009). We
suggest that teachers form study groups (such as those in lesson study, math-
ematics circles, or other learning communities) to read and discuss parts of
this publication, to work together to build a deeper understanding of the
mathematics topics in each Focal Point, and to plan how to help their stu-
dents develop such understanding by adapting as needed their present grade
8 teaching and learning strategies and materials. A helpful approach for other
teacher working groups has been to share students’ insights and questions
and to look at students’ work to understand different ways that students are
solving problems, to address errors and misconceptions, and to help students
move forward in a progression that fosters both understanding and fluency.
Because teachers’ lives are busy and demanding, the reader is better served
by concentrating on small portions of this publication at a time and working
through them deeply instead of trying to do too much at once and getting
discouraged. Teachers’ learning, like students’ learning, is a continual process
that can be very rewarding.

Bringing Focus into the Classroom:
Instruction That Builds Understanding
and Fluency

Although the main goal of this publication is to present in more detail the
mathematical content in each of the Focal Points, some important pedagogi-
cal issues also need to be taken into account when creating an environment
that supports focused instruction. Pedagogical principles for classrooms that
do help students build understanding are outlined in Principles and Standards
for School Mathematics (NCTM 2000) and in the National Research Council
reports Adding It Up (Kilpatrick, Swafford, and Findell 2001) and How
Students Learn: Mathematics in the Classroom (Donovan and Bransford 2005).
An instructional environment that supports the development of understand-
ing and fluency should be based on a logical progression of content that is
connected across grades as well as within grades, should provide opportuni-
ties for students and teachers to engage in mathematically substantive discus-
sions, and should involve teachers and students in interpreting and creating
mathematical representations to enhance their understanding.

An instructional-progression approach

An instructional progression of concepts and skills supports coherence across
and within grades. The table at the beginning of each Focal Point out-

lines the instructional progression and presents the mathematics suggested
for grade 8 within the context of the related mathematics suggested for the
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grades before and after. Teacher study groups can work to identify gaps in

the knowledge of their students that might be causing them difficulties with
the mathematics in grade 8. In addition, the instructional progression offers a
view of the future mathematics in which students will be applying the knowl-

edge and skills learned in grade 8.

In-depth instructional conversations

Students have little opportunity to build understanding in a classroom in
which the teacher does all the talking and explaining. A valuable instructional
approach is one in which teachers create a nurturing, meaning-making com-
munity as students use “math talk” to discuss their mathematical thinking and
help one another clarify their own mathematical thinking, understand and
overcome errors, and describe the methods they use to solve problems (Fuson
and Murata 2007). Such discussions identify commonalities and differences
as well as advantages and disadvantages across methods. By having students
talk about their own strategies, teachers can help them become aware of, and
build on, their implicit informal knowledge (Lampert 1989; Mack 1990). As
the teacher and students learn to listen respectfully to the math talk of oth-
ers, they model, structure and clarify, instruct or explain, question, and give
feedback to enhance one another’s learning. As students’ understanding and
fluency in various topics increase, the amount and type of class discussion re-
lated to each topic will change. In-depth discussion of new topics should be-
gin as more sophisticated, mature discussion of previously encountered topics
continues.

Using mathematical representations

The use of mathematical representations, in particular mathematical draw-
ings, during problem-solving discussions and explanations of mathematical
thinking helps listeners better understand the speaker. The use of mathemati-
cal drawings as a component of homework and classwork by both students
and the teacher helps them better understand one another’s thinking and thus
provides continual assessment to guide instruction as the teacher addresses
issues that arise in such drawings and accompanying talk (e.g., errors or inter-
esting mathematical thinking). Middle school teachers can use students’ prior
knowledge as a basis for building new understandings (Webb, Boswinkel,
and Dekker 2008). Students can deepen their mathematical understandings
by being led to make connections between their own representations that are
“often grounded in ... experiences with real or imagined contexts” (p. 112)
and new, less contextually bound representations purposefully introduced by
the teacher. Examples are included throughout this publication as to how
grade 8 teachers can help their students make the transition from concrete
and numerical representations to algebraic reasoning, generalization, and ab-
stract representations.
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An Important Grade 8 Issue: Algebra
Readiness

The NCTM Curriculum Focal Points were “designed with the intention of
providing a three-year middle school program that includes a full year of
general mathematics in each of grades 6, 7, and 8” (p. 10). The many schools
that offer a first algebra course in grade 7 or 8 should include the content in
the grade 8 Focal Points in earlier grades to enhance students’ readiness for
algebra. Students who wait until grade 9 to begin their high school math-
ematics coursework can benefit from productive time spent in grade 8 fur-
ther developing their understanding of the rational number system and
strengthening their use of tables, graphs, and equations, along with properties
of arithmetic, to represent and find solutions to problems. A strong general
mathematics course in grade 8, focused on building students’ skills in using
symbols to represent their mathematical thinking, is essential for increasing
these students’ readiness for algebra in high school.

Algebraic notation permeates the mathematics that students learn in
grade 8 and in later grades. The Focal Points in grade 8 emphasize the analy-
sis and representation of linear functions and solving linear equations in a va-
riety of contexts, including applications involving geometry and data analysis.
In particular, students can use such technology as geometry exploration soft-
ware and graphing tools in these types of applications to expand their experi-
ences with the mathematics. The use of technology “enriches the range and
quality of investigations by providing a means of viewing mathematical ideas
from multiple perspectives” (NCTM 2000, p. 25). Much attention should
be dedicated to building meaning for the algebraic notation used in these
applications and for the various procedures that can be used to solve linear
equations, with the eventual goal being students’ ability to apply these under-
standings as they engage in the reasoning, sense making, and problem solving
expected in high school mathematics and beyond.

The three grade 8 Focal Points and their Connections are reproduced on

the following page.




(6T "4 “900C ‘INLLON :"BA ‘U0ISIY) 29uai2q0)) 40f 15on() | SITDUIGIVIA] § JPVAD) §SN04GT ULLDSIpULYaL] 40f STUI0] [0I0,] uingnariinyy wolj parutidoy

"waI09Y) UedrofeyihJg

a3 A1dde £oy3 usaym sjooux axenbs asn AayT, ‘szoquinu
[Tews A19A pue a51e[ £19A 9qLIDSIP 03 UOTJBIOU DYNUIIDS
pue sjuauodxa asn syuapni§ :suonesadQ pue jaquinp

'S91M309(U0D 3S39) pue W 03 I

3594 JO SaUI| 93RS A[[EULIOJUT A3} PUE “@Jep dJeLIRAIq
Kedsip 03 s301d193380S 9 RW SIUIPNIS “UOTIBULIOJUT

S1Y3 £9AU00 03 s30[d IYSIYM-PUe-X0q asn Kewr £9Y],
‘eJep jo peaids a3 INOGe UOTJRULIOJUT UTe}qO 03 (sd[nrenb
pIg pue 1sT) sonuaoiad 3G/, pue Yigg 9y} SUTuLIalep
SJUSPNIS “UBIPIW 3} 0 UOTIIPPE U] *SISQUINU [EIIAIS

10 3UO UIIM IZLIBWIWINS UdJJO URD A3} yo1ym ‘91edardde
Ue SE BJep [EDLISWNU 935S MOU SJUapn3s ‘suorsanb
Iamsue pue asod 03 ejep Ae[dsip pue szruegdio o} soperd
snoraaxd ut y1om 1103 uo Suipying :sisAjeuy ejeq

*au] e Jo ado[s JueIsuod oy

03 sa[Suerr) Jeqruars asay3 Jo dIysuolje[aI ay) puejsiopun
os[e A3YT, “Te[IWIS a18—J[3S)1 SUI[ A} JO JUSWIZSS © pue

‘(x ur a8ueypd ay) Surmoys) Juaw3as aul Uni, [BJUOZLIOY
® ‘(£ ur a3ueyd a) Surmoys) Juawdas auly S, [EI1IIA B
Aq pajeard sajduern— so[duern ado[s, [[e I8y} puelsIopuUn
sjuapnys ‘ouefd 9JeUTPIOOD B UT JUI[ B UDAIL) :AI}8LI0SK)

‘paads juejsuod e Je uoOW

Se yons sajel SurA[oAul sua[qoid 9AJOs 0] suonOuUNy
Teaur] oqe seapt Ajdde Loy, ‘s1oqunu Suryunod are
syndur asoym suonouny reaut| se ‘swapqoad 10 suieyyed
woij Surstre asoy3 Surpnpout ‘sadouanbas onowyiLIe
Ma1A AaYT, ‘suorjouny reaur| Jo aSueyd Jo 93T JUBISUOD
3} 1M ISEIIU0D IFUBYD JO S3JBI ISOYM (SUOTIOUN
[eriuauodxa pue orjerpenb oiseq se [[om se / aperd

ur parpns 4oy Je) suonrodoad asiaAul ) se Yons)
SUOT}OUNJ JESUI[UOU SWIOS ISJUNODUD SJUdIpNIS ‘eiqabjy

-asodand uaa1S e 10§ 193uaD Jo aanseawr aeridordde o) se ueIpow

313 10 UBSW J) 103[9S SJUIPNIS 19JUD JO SINSBIU JUIRS ) dIBYS UBD S35 BIRP JUIIPYIP AI9A 9sneIAq

195 BJRp B 9qLIDSAP A[YSN0101]) J0U SI0P JUOE I9JUID JO 2INSBIW B Jel[} PUBISISPUN A3YT, "I9JUSD JO SAINSBIUI
9531]) UO JABY SAN[RA BIRP Ul SOZURYD 18] SID9)3 JUSIIHPIP Y] 9)B31ISIAUT PUBR URIPIW ) PUB UBIW 3]}

Aq papiaoad uoneuriojur ayy aredwod £3Yf, ‘suorisanb 1amsue pue asod 03 ejep Aejdsip pue sziuedio Loy pue
‘s39s e1ep aredwiod pue dzZLIBUIWNS 0] ‘9FURI PUR ‘UBIPAW ‘UBSW SUIPNOUT ‘so1)s1IR)S 9AIIALIDSIp asn sJuUapmI§

s)9s ejep
Buiziiewwns pue BuizAjeuy :eigabjy pue suoijesadp pue Jaquinp pue sisfjeuy ejeq

-eIpay4jod pue suo34jod azA[eue pue syjdua] aanseaws 03 sueld 91eUIPIOOD URISIIIR))

a3 ur syutod U9SMIaq SIOURISIP PUl 03 WaI0aYy) ueatoeynLJ oy Adde AoyT, *skem Juazayrp oml ur axenbs

e Sursodwodap £q ‘odurexa 10j—spoyiau Jo £a11eA © Fuisn Aq pI[eA sT W10y} uea1oSeyld ay) Aym urejdxa
SJUaPNIS *SI[SUR JO SIIMSBIW UMOWUN puy 03 sa[3ueLl) Inoqe 10e] siy) A[dde Loy pue ‘sea1Sap 8T st a[SueLn
® Ul sa[Sue a1]) JO SaINSLIW JY} JO Wns ) AYm ure[dxa 03 saul] [9[[ered snd [BSIGASURI) B USYM PIIRIID oI
78} s9[3ue 9} INoqe s1o asn AJYT, "SIDUR]SIP PUR SHYSISY puy 03 W) sk Jey) asoy) Surpnpout ‘sursjqoad jo
£ja11RA B 9AJOS 0] sa[3ueLn) refruais ynoqe Sutuoseal sy A[dde syuspnig “sauif [o[ered snd [BSISASURI) B UdUM
Pa1eaId sapSue JuanISuod d1) JO SN SI[SURLI) JR[IWIS 0] dSII AALZ saul| Jo suorreInSyuod remonaed jeyy
anoiad Loy, -sdays ardnmnu yiim asoyy Surpnpur ‘swajqoid 9AJ0s 03 pue a0edS [BUOISUSWIP-IIIY) PUB -0M)

Ul SUOTIeM)IS pUR saIN3Y dZATeUR PUB 9GLIDSIP 0] SA[FUR pUR 2OURISIP JNOJR SJOBJ [BIUSWBPUNJ 3SN STUIPNIS

9|bue pue asuelsip buisn
Aq sainB1y pue aoeds [euoisusaWIpP-934Y} pue -om} BuizAjeuy :juawainseay) pue Aijawoar)

‘swrapqoxd

9A[OS pUe suoreNJIs dzATeue 03 aul| © Jo adofs a} Jo Surpue)sIopUN J19Y) pUB ‘SUOTIOUN] JeaUl] ‘Suorenba
Teaur] Jo swalsAs ‘suoryenba 1eaur] asn sjuapnig -aue[d a3 Ul ‘Oul] SWes J) 318 J0 ‘[3[ered aIe )2as1aUl

783 saul] jo sired 0] SWIISAS Y} 91B[1 pUE SI[GRLIBA OM) UT sUOT)enba 18aUI 0M] JO SWISAS A0S SJUSPNIS
‘suonejuasardal yuatayip ut readde 3daosajur-£ pue adofs se uonounj e Jo s30adse Yons Moy aqLIdSap A3y} pue
‘(suonyejuasardai Tenrnred Ajuo A[rensn are suonejuasardar jeonyders pue remnqe) jeyy Surziugooas) suondouny jo
suornejuasaidal orerqage pue ‘eoryderd aemqe) qeqiaa Suoure a)e[SULRI) SUSPNIS Hu4 JUNOWE ) Aq saSueyd
91euIpI002-4 10 andino a ‘v qunoure dy1dads e 4q saSueypd ‘@9jeuIpI00d-x 10 Indur a1 J1 os ‘eueypd jo

9B JUBISUOD © ST JUI] © JO (144) 2dO[s 2] I8} pue)sIapuUN sJUapnIS “urdrio a3 ydnoxy autf e st ydead Sunynsaa
ay) pue adois ap s1 () Aypeuoniiodoad jo Jueisuod sy Jey) Sutpue)siopun ‘g + xus = £ U110 33 Jo uonenba
Teaur| e Jo ased [e1dads e se (xy = £ 10 *y = x/A) uonrodod e az1uZooa1 Aay], ‘swa[qoad Jo A}a11BA B 9A]OS

pue ‘ozATeue Quasaidai 0} suorzenbs reaur] Jo swaysAs pue ‘suoryenba Ieaul] ‘SUOIIOUN] TBIUI] SN SJUIPNIS

suoljenba Jeaul| Jo swalsAs
pue suonenba Jeaul| Bulnjos pue suonouny Jeaull bunuasaidal pue BuizAjeuy :esqab|y

S]ulod |e204 9y} 0} SuUOoI}93UuU0?)

S]ul0d |E204 WN[NoLLINY g dpels




2 Focusing on Linear Functions and

Linear Equations

In grade 8, students learn how to analyze and represent linear functions and
solve linear equations and systems of linear equations. They learn how to rep-
resent linear relationships as graphs, tables, and equations. Students learn the
meaning of slope and y-intercept and how these two elements of the graph of
a linear function can be identified in each of three representations of a linear
relationship—algebraic, tabular, and graphical. They also gain an understand-
ing of the meaning of linear function and that the algebraic representation of
a linear function is a linear equation. The eventual goal of this Focal Point is
for students to use their understanding of linear functions and linear equa-
tions to represent and solve problems.

Instructional Progression for
Linear Functions and Linear
Equations

The focus on linear functions and linear equations in grade 8 is supported

by a progression of related mathematical ideas before and after grade 8, as
shown in table 2.1. To give perspective to the grade 8 work, we first discuss
some of the important ideas that students focused on before grade 8 that pre-
pare them for learning about linear functions and linear equations in grade 8.
At the end of the detailed discussion of this grade 8 Focal Point, we present
examples of how students will use linear functions and linear equations in lat-
er grades. For more detailed discussions of the “before” parts of the instruc-
tional progression, please see the appropriate grade-level books, for example,
Focus in Grade 6 (NCTM 2010) and Focus in Grade 7 (NCTM 2010).

Early Foundations for Understanding
Linear Functions and Linear
Equations

Before entering the grade 8 classroom, students are expected to have learned
concepts and skills that they can use to understand their work in linear func-
tions and linear equations. In grade 7, students develop efficient, accurate,
and generalizable methods for operating with all rational numbers. They
learn to graph and represent proportional relationships. Students also use lin-
ear equations in one variable and rational numbers to solve word problems.
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Table 2.1
Grade 8: Focusing on Linear Functions and Linear Equations—Instructional Progression for Linear Functions and
Linear Equations

Before Grade 8 Grade 8 After Grade 8

Students develop efficient, accurate,
and generalizable methods for oper-
ating with rational numbers.

Students recognize fractions, per-
cents, and certain decimals as ways
of representing rational numbers
and convert flexibly among fractions,
decimals, and percents. Students are
able to explain which fractions cor-
respond to terminating decimals.

Students graph proportional rela-
tionships and recognize the graph
as a line through the origin with the
constant of proportionality as the
slope of the line.

Students express proportional rela-
tionships as y = 4x and distinguish
them from other relationships, such
asy=kx +0b.

Students use linear equations in one
variable to solve word problems.

Students understand numbers,
ways of representing numbers,
and relationships among numbers
within different number systems
(e.g., rationals, reals).

Students translate among algebraic, geomet-
ric (graphical), numerical (tabular), and verbal
representations of linear functions.

Students recognize the slope of a line as a con-
stant ratio representing the change in y com-
pared with the related change in . Students apply operations ap-
propriately, compute fluently, and
make reasonable estimates within

different number systems.

Students recognize the y-intercept of a line
as the point (0, y) where the line crosses the
y-axis.

Students understand relations
Students recognize relationships that are func- | and functions.
tions and develop an understanding of how
the algebraic representations of linear func-

tions are linear equations.

Students represent and ana-
lyze mathematical situations
and structures using algebraic
Students relate systems of equations to pairs of | symbols.
lines that intersect, are parallel, or are the same
line in the plane and understand that the solu-
tion to a system of equations is a solution to

both equations.

Students use mathematical mod-
els to represent and understand
quantitative relationships.

Students analyze change in vari-
ous contexts.

Students analyze and solve problems us-
ing linear equations and systems of linear
equations.

Rational numbers

In grade 7, students learn about the set of rational numbers along with the
operations of addition and multiplication, along with their inverses of sub-
traction and division, as being components of the rational number system.
They learn that the set of rational numbers is made up of every number that
can be expressed as a/b, where a is an integer and & is an integer other than

0. The set of rational numbers includes the integers, since any integer a can
be written as a/1. Any nonzero rational number can be expressed as a posi-
tive or negative fraction and as a positive or negative decimal that terminates
or repeats; zero, although neither positive nor negative, also can be expressed
as a fraction and as a terminating decimal. Students explore the properties of
the operations in the rational number system, comparing and contrasting the
properties of these operations that exist in the system of whole numbers and
the system of rational numbers. In their study of the properties of operations,
students learn about the concept of closure and how to decide whether an op-
eration in a system is closed. Students also develop computational procedures
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that they use to add, subtract, multiply, and divide with rational numbers,

both positive and negative.

During their study of the rational number system, students develop an
understanding of percent as a part-to-whole ratio where 7 percent means 7
parts out of 100 total parts. Students flexibly translate among percent, frac-
tion, and decimal forms. For example, students who know that 76 percent
means 76 out of 100 use their understanding of rational numbers and ratio to

reason that

76% = 76/100 = 0.76 = 19/25.

Proportionality

Students’ work with proportionality in grade 7 also prepares them to study
linear functions and linear equations in grade 8. In grade 7, students express
proportional relationships algebraically as equations of the form y = 4x, where

Proportional Relationship

Relationship That Is Not Proportional

Chicken costs $2 per pound.

Let y = number of dollars.

Let x = number of pounds.

Then y = 2x models this relationship.
The graph is a line through the origin.

y

8

7

6

5

4

3 y|=2Xx

2

y

0 X
01 2 3 45 6 7 8

The relationship is proportional and
thus linear. Note that k, the constant of
proportionality, is 2. In other words, no
matter how many pounds of chicken
you buy in this situation, the cost per
pound is constant. One proportion for
this relationship is

2 dollars 4 dollars
1pound 2pounds’

Chicken costs $4.50 for a minimum

purchase of one pound and $1.50

for each additional pound.

Let y = number of dollars.

Let x = number of pounds.

Then y = 1.50x + 3 models this relationship, for x > 1.
The graph is a line not through the origin.

y

/
/
y

1
—
rd.|

B0x + 3

O = N Wb oo N ©

X
01 2 3 4 5 6 7 8

The relationship is linear but not
proportional. Therefore, there is no
constant of proportionality. In other
words, for different amounts of
chicken purchased in this situation,
when the cost is spread evenly
across the number of pounds
purchased, the cost per pound
varies.

Fig. 2.1. Comparing a proportional relationship with a relationship that

is not proportional
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k is the constant of proportionality. Students also graph these relationships,
recognizing the graph as a line through the origin whose slope is 4. Students
learn to distinguish proportional relationships from relationships that are not
proportional, including linear functions whose equations have the form

y = mx + b, where 6 # 0, as shown in figure 2.1.

In grade 8 students apply this understanding as they learn about linear
functions and the linear equations that represent them. They learn that
y = mx + b is one form of a linear equation and that y = 4x represents a linear
equation where 7 = £ and & = 0. Thus, a proportional relationship between
two variables can always be modeled by a linear function, but not all linear
functions represent proportional relationships.

Equations

In grade 6 students learn how to represent relationships algebraically using
expressions and equations. They learn how to use substitution to evaluate ex-
pressions, and they learn various ways to solve equations. They learn that a
numerical solution to an equation is a number that makes the equation true.
Students also use expressions and equations to solve word problems.

Focusing on Linear Functions and
Linear Equations

There are many types of relationships between quantities and many different
ways to describe them in order to make predictions and to solve problems.

In this Focal Point, students learn about linear relationships and how to use
words, graphs, tables, and equations to represent them, as shown in figure 2.2.

Representations of linear relationships

In previous grades, students learn about equations and use equations in one
variable to solve problems. For example to solve the problem

Ed works in a restaurant. He earns $8 per hour plus tips. One day he
earned a total of $83, including $35 from tips. How many hours did he

work that day?

students have written and solved the equation as follows:

8x+35=83
8x+35—35=83—-35

8x =48

8x 48

FE)

x=06
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Verbal: Johanna ran 1 mile the first day and then increased the number of miles
she ran each day by 2.
Algebraic: Numerical: Geometric:
Linear Equation Table Graph
y
y=2x-1 8 A
X y
7
or 1 1
6
22X +y =-1 2 3
5
3 5 4
4 7 3
2
1
X
1 2 3 4 5

Fig. 2.2. Ways to represent a linear relationship

They have discussed that there is only one solution to this equation, x = 6,
and that the solution, in the context of the problem, means that Ed worked
six hours that day.

In grade 8, students expand their understanding of equations to include
linear equations in two variables. A linear equation is an algebraic equation
in which each term is either a constant or the product of a constant (called a
coefficient) and the first power of a single variable. Some linear and nonlinear
equations are shown in figure 2.3.

Linear equations in two variables are used to describe the relationship
between two quantities. For example, in the equation y = 2x, the quantity y is
two times the quantity x. In the equation y = x + 5, the quantity y is five more
than the quantity x. Teachers can help students make the transition from lin-
ear equations in one variable to linear equations in two variables by giving
them appropriate contextual situations to model, as shown in the following
classroom discussion.

Teacher: Here is the problem we were working on solving by using an
equation:
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Linear Equations Nonlinear Equations
x-3=7o0rx'-3=7 x*-3=7
2x —y=12o0r2x' —y' =12 2x* —y =12
c=a+b xy =1
3+x=y-7 l:y—|-3
X

Fig. 2.3. Examples of linear and nonlinear equations

This weekend Rick did homework for 6 hours. He did homework for
twice as long as he played soccer. How many hours did Rick play soccer?

Who would like to share their equation and solution?

Maddie: 1 would. Rick did his homework for twice as long as he played
soccer. He did his homework for 6 hours. So, I let s stand for the number of
hours he played soccer and wrote the equation 6 = 2s. Then, I divided both
sides by 2 to solve the equation:

6=2s
6 2
2 2
3=s5

I got s = 3, so Rick played soccer for three hours. This makes sense because 6
=2(3) is true.

Teacher: The equation that Maddie wrote involves one variable, s. There
is one solution to this equation. The solution for the equation is 3 = s, and so
the solution set is one value for s. Suppose I changed the situation to—

This weekend Rick did homework and played soccer. He did homework
for twice as long as he played soccer.

In this context, you don’t know how long Rick did homework or played soc-
cer, but you do know something about the relationship between the amount
of time he spent doing each activity. We can use an equation to represent this
relationship. Let’s use 4 to represent the time that Rick did homework and s
to represent the time that Rick played soccer. Who can tell me an equation
that you can write to represent this relationship?

Shaundra: I think I can. Rick did homework twice as long as he played

soccer, so the time spent on homework is 2 times the time spent on soccer, or
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b = 25. This is almost the same as Maddie’s equation, except I used 4 for the
homework and Maddie used 6.

Teacher: Equations such as 4 = 2s are linear equations that involve two
variables and are used to show the relationship between two quantities, in
this case the relationship between the number of hours spent doing home-
work, 4, and the number of hours playing soccer, 5. A line on the coordinate
plane represents the solutions to this equation. Notice that the solution to the
one-variable equation, 6 = 2s, is related to the point on the line 4 = 25 where

h=6ands=3.
h
7
|__+— The point at (3, 6) where
6 ?3/6) s =3 and h = 6 is the point whose
c ' s-coordinate is the solution to the
> equation 6 = 2s.
A D A\
= \L, “I'}
3 All the points on the line are
/ solutions to h = 2s.
2 2
1
0 S
©,0)
4
-2 q 2 3 4 &
2

Teachers could then change the situation to show that if they change the
relationship between the number of hours spent doing homework and the
number of hours spent playing soccer, the equation that represents that rela-
tionship changes as well, as shown in figure 2.4.

For students to understand how equations can be used to represent the
relationship between quantities, they also need to learn about solution sets to
these equations. A solution to an equation in two variables is an ordered pair
of values that makes the equation true. For example, in the equation y = 2x, a
solution is an ordered pair in the form (x, ). There are infinitely many solu-
tions to this equation, with a few shown in figure 2.5.

As students have learned in their previous work with coordinate graph-
ing, the order of the numbers in an ordered pair is very important. Teachers
can further emphasize this concept by having students analyze equations
and their solutions in context. For example, if, in the equation y = 2x, x is the
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Let x represent number of hours spent playing soccer; let y represent
number of hours spent doing homework.

y =2x < Rick spends twice as many hours doing homework as
he does playing soccer.

y=x+3 < Rick spends 3 more hours doing homework than he
does playing soccer.

x=4 < Rick spends 4 hours playing soccer regardless of the
amount of time he spends doing homework.

<
Il
(¢)]

< Rick spends 5 hours doing homework regardless of the
amount of time he spends playing soccer.

Fig. 2.4. Different equations that represent different relationships

(1, 2) is a solution to
the equation y = 2x

because—
y=2x
2=2(1)
2=2

(85, 70) is a solution to | (-5, —10) is a solution to (—E, - 1%) is a solution to

the equation y = 2x the equation y = 2x
< / S the equation y = 2x
because— because— because—
y=2x y=2x y=2x
70=2(35) -10=2(-5) A5 2
70 =70 -10=-10 3 ( 5)
q1__4__1
3 3 3

Fig. 2.5. Using substitution to demonstrate that several ordered pairs are

solutions to the equation given

number of people and y is the number of books, the ordered pair (2, 4) repre-
sents two people and four books; however, the ordered pair (4, 2) represents
four people and two books. If the relationship is that every person has two
books, the ordered pair (4, 2) would 7oz be a solution for that equation.

Linear equations are so named because the graphical representation of a
linear equation is a line in the coordinate plane. Students can see that this is
true as they connect the solutions of two variable linear equations with what
they already know about graphing in the coordinate plane. Students learn
that since every ordered pair corresponds to a point in a coordinate plane, a
set of ordered pairs can be graphed. To generate this set of ordered pairs, stu-
dents can choose values for x or y, substitute those values in the equation, and
solve for the other variable. The resulting values form an ordered pair that is a
solution to the equation. Students may find it helpful to organize these values
in a table, as shown in figure 2.6.
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y=2x
X y
-2 -4 — (-2, -4)
-1 -2 — (-1,-2)
0 0 < (0,0)
1 2 «— (1,2
2 4 — (2,4

Fig. 2.6. Using a table to display or-
dered pairs that are solutions to the
equation y = 2x

Students can then use their understanding of graphing points in the
coordinate plane to use the ordered pairs to make a graph, as shown in

figure 2.7.
Yy = 2x means that—
y is equal to two times x,
the value of y is twice the value of x.
y=2x )
X y 4 2 4)
-2 -4 — (-2, -9) 3
-1 -2 — (_11 _2) 5 {4 | 0\
0 0 «(0,0) - e
1 2 — (1,2 1
2 4 | <4 g = o/ r ?
©,0)
(_1 ’ _2) n
(_2! _4) —4

Fig. 2.7. Showing solutions to the equation y = 2x using a table and a graph
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Reflect As You Read

Before reading the next paragraph, articulate for yourself why it is important for
students to understand the different possible representations of a linear relation-
ship: a verbal description, a numerical description (a table or set of ordered pairs),
a geometrical description (a graph), and an algebraic description (an equation).
What are the strengths of each representation?

Each of the four representations of a linear relationship that appear in
figure 2.7—a verbal description, a numerical description (a table or set of or-
dered pairs), a geometrical description (a graph), and an algebraic description
(an equation)—has advantages, helping students understand the relationship
in a different way. A verbal representation can be more effective for commu-
nicating an idea and confirming an understanding. For example, when stu-
dents can say that y = 2x means the value of y is twice the value of «, they are
confirming that they understand the relationship. A table of ordered pairs
shows more of the actual numerical information from the situation being rep-
resented. An equation is a more concise form of the numerical relationship
between the quantities; for example, y = 2x is more concise than zhe value of
y is twice the value of x. An equation also concisely and completely summa-
rizes all the ordered pairs in the relationship and can be manipulated algebra-
ically to be written in different, equivalent forms that are useful for different
purposes. A graph of a relationship is a representation that provides a visual
“picture” of the relationship. In particular, the graph of a linear equation il-
lustrates two attributes of the linear function that are especially significant—
slope (indicating the steepness of the line and the direction of its slant or
whether it is horizontal or vertical) and the y-intercept (indicating where it
intersects the y-axis). Students deepen their understanding of linear relation-
ships by building connections among these various representations.

As students study linear relationships, it is beneficial for linear functions
and their equations to be introduced in context. Context allows students to
draw accurate conclusions about the solutions of the equation. For example,
if the equation y = 2x is considered out of context and there are no stated re-
strictions on the values of the variables, then x can be any real number. And if
x can be any real number in this equation, then y can be any real number that
can be described as 2x. So the number of solutions to the equation is infinite.
The graph also reflects these properties. The graph is a line, drawn with ar-
rows at each end indicating that the line extends in both directions without
end and with no “holes,” indicating that every point on that line is a solution
to the equation. Thus, (1.3, 2.6), (2, 4), and (-16, -32) are all solutions to the
equation and represent points on the line. However, if the equation is consid-
ered in context—for example, it describes the relationship between the num-
ber of books and the number of people—then certain solutions make sense
and certain solutions do not. Since books and people are not fractional, only
whole-number solutions make sense. This illustrates the fact that equations

and graphs are representations of functions that can be used to mode/ actual
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situations. In many actual situations, the values for the variables must be re-
stricted. Although the graph shown in figure 2.7 shows the solution to the
equation y = 2x, not every point on that line is the solution to a problem in
which the number of books is two times the number of people.

Once students understand how to graph linear equations, they should re-
visit previous linear relationships that they have represented using equations.
Referring back to figure 2.4, students can now gain a deeper understanding of
the representations of the possible relationships between the time Rick spent
doing homework and the time he spent playing soccer. Each equation is dif-
ferent, so each graph is different, as shown in figure 2.8.

Let x represent number of hours spent playing soccer; let y represent
number of hours spent doing homework.

y =2x Rick spends twice as many hours doing homework as he
does playing soccer.

= 2x
Y 6 @3.6)
X y
0 0 « (0,0 5
1 2 «— (1,2 . .
2 4 «— (2,4)
3 6 < (3, 6) S
o {1 D\
= \he)
1
_ 1¢(0,/0)
-2 1 2 3 4
—1
2

y=x+3 Rick spends three more hours doing homework than he
does playing soccer.

=x+3
- 6 (3,6)
X y
0 3 < (0,9 5 2,15)
1 4 e (1 ’ 4) 4 {4 A\
- UH19)
2 5 «(2,5)
3 6 | <G8 M AR

N

(Continued on next page)

Fig. 2.8. Graphs of linear equations
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x =4 Rick spends four hours playing soccer regardless of how many
hours he spends doing homework.

xX=4
6 (4,6)
X y
4 0 «— (4,0 5
4 2 — 4,2 . 44
4 4 — (4, 4)
4 6 «— (4, 6) 3
o (Al D)
= Uy =)
1
o (4, 0)
-2 - 2 K 4 ]
|
2

y =5 Rick spends five hours doing homework regardless of how
many hours he spends playing soccer.

Z
1

y =5x
X y a5/ @5
0 5 « (0, 5) 5
1 5 «(1,5) . (1.9 | 39
2 5 <~ (2, 5)
3 5 « (3, 5) s

N

Fig. 2.8. Graphs of linear equations—Continued

Note that some linear equations are written with only one variable.
Students can see from graphs like the ones in figure 2.8 that the graph of an
equation of the form x = 4 is a vertical line and the graph of an equation of
the form y = 4 is a horizontal line, where 2 and 4 can be different constants for
given equations. Note also that when considering ordered pairs as solutions,
there can be many solutions for one-variable equations just as there can be
many solutions for two-variable equations.

Slope and y-intercept

To develop a deep understanding of linear equations and linear functions, it
is important for students to understand how different mathematical relation-
ships between two quantities are reflected in the graph of the line that rep-
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resents those relationships. A graph provides a “picture” of the relationship,
and students can deepen their understanding of linear relationships by build-
ing connections between certain mathematical relationships reflected in the
equation and certain characteristics that are reflected in the corresponding
graph. Through structured experiences in which students make comparisons
between purposefully chosen equations and their corresponding graphs, stu-
dents learn that characteristics of the graphs, such as slope and y-intercept,
are affected by changing the mathematical relationships between the two
quantities, that is, by changing the relationship between x and y. Students
also learn how to use generalizations to describe those changes; for example,
when the linear relationship is expressed as y = mx + 4, the greater the ab-
solute value of the coefficient of x, the steeper the slope, and the greater the
number added to 7, the greater the value of y at which the line intersects
the y-axis. Through carefully structured opportunities for comparison, stu-
dents gain the ability to visualize the corresponding graph when they see an
equation in the form y = mx + &4 (i.e., How steep is the line? Does y increase
or decrease from right to left? Where does it cross the y-axis?); and to write
the corresponding equation when they see the graph of a line (i.e., What are
the values for 7 and 4?)

Slope

In initial experiences with exploring the relationship between linear equa-
tions and their graphs, teachers should begin with an equation such as y = x
in context. In this equation, the value of the two quantities is equal. Teachers
should help students connect this relationship to their work with proportion-
ality by pointing out that this equation represents a proportional relationship,
y = kx, with a constant of proportionality of 1. Then, as teachers change the
equation by changing the constant of proportionality, students examine how
the change affects the graph. The following classroom discussion illustrates
how these comparisons can be accomplished. If available, the use of graph-
ing technology can further enhance students’ explorations since it will allow
students to create, compare, and analyze many graphs quickly, accurately, and
efficiently.

Teacher: Suppose you and your friend always read the same number of
pages of a book in one day. Let x represent the number of pages your friend
reads; let y represent the number of pages you read. What equation represents
the relationship between the pages that you read and the pages that your
friend reads?

Josh: y = x, because I read the same number of pages as my friend, so x
and y have the same value.

Teacher: That equation does represent the situation. So if you read sev-
en pages, your friend reads seven pages. If you read sixteen pages, your
friend reads sixteen pages, and so on. How can you use a graph to show this
equation?

Tam: Usually I make a table of x- and y-values, and then I use those pairs
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of values to plot points on the coordinate grid. But since y = x, the ordered
pairs have the same x- and y-values, so I can just choose any numbers. I chose

(2,2),(4,4),(5,5),(7,7),and (10, 10). My graph looks like this:

y
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Teacher: Tam remembered that the solution set of the equation y = x is
the set of all ordered pairs (x, y) that make the equation true. Tam’s ordered
pairs reflect a few solutions in the solution set. Notice that the points seem to
lie in a straight path. It is true that all these points lie on the same line, and
we’ll learn more about why later. Did anyone else use different points and
make a different graph?

Ned: 1 used (0, 0), (1, 1), (2, 2), (3, 3), but my graph looks just like Tam’s.
It looks like a line and has the same slant and passes through the origin.

Teacher: Interesting observations, Ned. What Ned observed is that re-
gardless of which ordered pairs that solve the equation you choose to use to
graph the equation y = «, all the ordered pairs fall on the same straight line.
Did anyone use negative values to graph the line?

Matt: 1 like negative numbers, so I used (-2, -2) and (-1, -1). But I real-
ized that you can’t really read a negative number of pages, so I guess my or-
dered pairs don’t make much sense in the problem!

Teacher: Good point, Matt. The equation y = x is a model of the rela-
tionship between the pages you read and the pages your friend reads per day.
Although all the points that fall on the straight path of the line are solutions
to the equation, not all make sense in the context of the problem. Would the
solution (1 1/4,1 1/4) make sense?

Matt: 1 think so, because you can read a fractional number of pages.

I guess my friend and I could both read 1 1/4 pages of a book. But greater
numbers, like 2000, wouldn’t make sense.

Once students understand the solutions to the equation and what they
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mean in the context of the problem, and how the graph shows the relation-
ship in the problem, they are ready to begin gaining an understanding of how
changing the equation changes the graph, as illustrated in the continuation of
the classroom discussion that follows.

Teacher: Now suppose every day you read twice as many pages as your
friend reads. What equation would you use to represent that relationship?

Shakira: Well, if T still use y as the number of pages I read and x as the
number of pages that my friend reads, my equation would be y = 2x, meaning
I read twice as many pages as my friend.

Teacher: How can you graph this equation?

Shakira: 1 would make a table of x- and y-values to find ordered pairs to
graph. My table and graph look like this:

y
- 2x '
4 6 3,6)
X y '
0 0 5
1 2 4 M N\
"' \=, 77)

2 4
3 6 8

Teacher: Now let’s compare the graph of y = x and the graph of y = 2x. It
is much easier for us to compare graphs when they are on the same scale, so
why don’t we just graph them on the same coordinate grid. Who can describe
some similarities and some differences in the two graphs?

1ny
o84 |
a (2 R)
© F579)
A (2 A\
T (4,4
, 0.2 5 Z)(3, 3)
)7 Zali) .
- - P 4 5 @
2

Harry: Well, they are both straight lines, and they both pass through the

origin.




Focus in Grade 8: Teaching with Curriculum Focal Points

Kira: But look, the graph of the line for y = 2x is steeper than the graph
of the line for y = «.

Teachers should then have students look at the graphs separately and
draw triangles as shown in figure 2.9. Students should begin to gain an
awareness that, although the triangles look different in the two graphs, all the
triangles in one graph are similar to one another and all the triangles in the
other graph are similar to one another; that is, their corresponding sides are
proportional and their corresponding angles are congruent. This characteris-
tic not only justifies that the points in each graph all lie on a straight line but
also can be used to describe the slant of each line.
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Fig. 2.9. Examples of how similar right triangles are formed by pairs of points on a line

Teachers should then extend students’ experiences with graphs by intro-
ducing graphs with negative slope, that is, where % is negative, as shown in
the continuation of the class discussion that follows.

Teacher: So far, we've considered only situations that involve a constant
increase. We also can create equations that model situations that involve a
constant decrease. For example, suppose I want to represent a situation where
the temperature is dropping 3 degrees every hour. I could write the equation
y ==3x. In this equation, x represents the number of hours that have elapsed
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and y represents the total change in temperature over that amount of time.
Let’s graph this equation.

Bruce: I made a table of values and then used that table to find ordered
pairs. Then I graphed the ordered pairs. The line in quadrant IT stands for the
time before I started recording the temperature. This is what my table and
graph look like:

y =-3x “
X y
-1 3
0

(Sl N
S
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f
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3 (1,3)

o (2 3 '_6)

al (0 ) \

—o | YY)

. (3,19)

Teacher: How is this line graph different from all the other lines you have
made?

Hillary: 1t still goes through the origin, but it goes down. All the other
lines went up.

Teacher: Usually we think of a graph as changing from left to right, or as
the value of x is increasing. So when we look from left to right on this graph,
this line is descending; all the other lines “went up,” or were ascending, as the
value of x increased. That makes me want to look at the equation y = —3x and
think about how it is different from the other equations.

Jack: It has a negative number times x; all the other ones had a positive
number times x.

Teacher: Yes, all our equations have been in the form y = mx, so we can
compare them. In this equation, the coefficient of x is a negative number,

m = =3. Since m describes the slope, the slope of this line is negative. This
seems to indicate that an equation with a negative slope is a descending line.
The equations that we have seen with positive slopes all had ascending lines.
Let’s look at more lines.
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Teachers should then have students explore other relationships repre-
sented by an equation in the form y = 4x, including equations in which £ is
negative, and analyze how the changes in the relationship represented by the
equation affect the graph, as shown in figure 2.10. Through carefully crafted
experiences, students should be able to start making generalizations about y =
kx, such as the greater the absolute value of %, the steeper the line; when £ is
positive, the graph is a line that rises from left to right; when % is negative, the
graph is a line that falls from left to right; and all equations in the form y = 4x
pass through the origin.
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Fig. 2.10. Comparing the graphs of different equations in the form y = kx
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After students have begun to gain the ability to generalize about the
steepness and direction of the slant of the line given the equation, teachers
can help students link their previous understanding of proportionality and
slope to linear equations. Teachers should remind students that the equation
y =« represents a proportional relationship in the form y = 4x in which the
constant of proportionality, 4, is 1. Students should be guided to make the
transition from thinking of £ as the constant of proportionality to thinking
of it as the slope of the line represented by the equation. For example, in the
equation y = «, £ = 1, so the slope is 1. Classroom discussions such as the one
that follows can help students accomplish this connection of what they un-
derstand about proportionality with their developing understanding of slope.

Teacher: We have compared equations and their corresponding graphs
and have discovered that the steepness of the line is related to the constant 4
in the equation y = 4x. If we kept the scale the same, we saw that the steeper
the line, the greater the absolute value of 2 When £ was a number whose ab-
solute value was between 0 and 1, the line became more and more horizontal
as the absolute value of % lessened. The “slant” or “tilt” of a line is also called
its slope. Does anyone remember how slope is defined mathematically?

Charra: 1 think I remember that. It is a ratio, right? A ratio of the change
in y to the change in x.

Teacher: Yes, Charra, that is the definition of the slope of a line. We can
write slope as the ratio

change in y-value

change in x-value

And for any two points on a line, this ratio is a constant value. We can use
this ratio to find the slope of any line. Let’s look back at some of the graphs
that we made, for example, the graph of the line for the equation y = x. To
find the slope, choose two points on the line, for example B at (4, 4) and C at
(5, 5). Then write a ratio of the difference between the y-values to the differ-
ence between the x-values:

S-4_1_

5—4 1
The ratio is equal to 1, so the slope of the line is equal to 1. Notice that this
relationship is true no matter which two points you choose on the line. For
each pair of points, the ratio of the change in y-values to the change in corre-
sponding x-values is 1.

Timmy: That makes sense because those triangles are supposed to be

similar, which means that their corresponding sides are proportional.

Teachers can use diagrams like the one shown in figure 2.11 to help stu-
dents visualize and verify mathematically how slope indicates the constant

rate of change in a line. Teachers should point out that the triangles that are
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formed by the line and a segment that represents the change in y-values and a

segment that represents the change in corresponding x-values are all similar;

therefore any two points on a line can be used to calculate its slope.
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Slope:y=xory=1x

FromAto E: change!ny=10—2=§=1
changeinx 10-2 8

From C to D: change!ny:7—5:g=1
changeinx 7-5 2

From Bto C: change!ny:5—4=]:1
changeinx 5-4 1

Slope: y =—2x

FromAto E: change!ny=—12—(—2)=£=_2
change in x 6-1 5

From B to C: change!nyz _10_(_6)=j=—2
change in x 5-3 2

From C to D: change!ny:—6—(—4):—_2:_2
change in x 3-2 1

Fig. 2.11. Diagram that shows slope as the ratio of the change in y-values to the change

in corresponding x-values
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Teachers should then have students revisit previous graphs to find their
slopes by finding the ratio of the change in y to the change in x for several
pairs of points on the line, points not only with integral coordinates but also
with coordinates involving fractions and decimals. Through these experienc-
es, students should be able to generalize that when a line is ascending, both
the change in x and the change in y are positive, and so the slope is positive.
However, when a graph is descending, either the change in «x or the change
in y is negative and the other change is positive, which results in a negative
slope.

At this point, students should have enough experiences with finding
the slope of lines that represent equations that they can conclude that in the
equation y = 4x, 4 is the slope. Students are then ready to make the transition
from using the symbols y = 4x to using y = mx, where 7 represents the slope,
thus integrating their understanding of proportionality and slope, that is, that
the constant of proportionality (also called the scale factor) in a proportional
relationship is the slope of the graph of that relationship. Throughout their
work with linear equations and graphing, students should be reminded that
the equation y = mx is the same equation they used to represent a propor-
tional relationship, just with the symbol 72 in place of the symbol 4. Referring
back to figure 2.11, students can see that in the graph of y = x or y = 1x, for
every 1-unit change in y up, there is a 1-unit change in x to the right, so the
slope is 1; in the graph of y = —2x, for every —2-unit change in y down, there
is a 1-unit change in « to the right so, the slope is —2.

During explorations of slope, teachers can guide students to an algebraic
representation of the slope by helping them realize that given two points on
the line (x,, y,) and («,, y,), the slope is found by finding the ratio of the dif-
ference of the y-values, (y, - y,), to the difference of the corresponding x-val-
ues, (x, — x,). This ratio can be written as the fraction

(yz _.yl) .

(.X'2 - xl)

Teachers can explain that the change in y is also called the rise and the change
in x is called the run, so

(yz _.yl) _rij

slope=m——— = .
x, = x,) run

The tables in figure 2.12 illustrate this relationship between the differences in
the y-values compared to the differences in the x-values.
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y =4x y=-5x
Input Output Input Output
X y X Yy
—2 —8 Change in C —4 2 > Change in
Change in ( _(1) _g Changein | 'MPut+2 _g :) output —1
input +2 1 4 output+8 | Change in ( 5 1 Change in
2 8 input —4 4 o output +2
Change in 3 12 Change in 6 -3
input +3 4 16 output +12 8 —4
5 20 . 10 =5
Change in 6 24 Changein | Change in 12 _6 Change in
input —1 7 28 K output —4 input +8 14 _7 output —4
8 32 16 —8
In the equation y = 4x, the slope, m, is equal For the equation y = — lx,the slope, m, is equal
to 4 and every change in y is 4 times the 1 2 R
corresponding change in x. to 5 and every change in y is 3 times the
corresponding change in x.

Fig. 2.12. Examples that show that if the input changes by a, then the output changes by
ma, where m is the slope

During their exploration of graphing equations, students should also have
experience graphing equations in which the slope is 0 or the slope is unde-
fined. Students’ explorations of the linear equations y = 2 and x = 4, where 4
and 4 are rational numbers, can help them understand these special cases of
linear equations—equations that have only one variable—as shown in figure
2.13.

As students work through examples such as y = 1, y = =2, and y = 0 (the x-
axis) and x = 2, x = =5, and x = 0 (the y-axis), they can begin to see that every
horizontal line has a slope of zero and an equation of the form y = 4, where
b is a constant, and that the equation for a vertical line is an equation of the
form x = a, where a is a constant, and that slope is not defined for vertical
lines.

y-intercept

Through their work with graphing equations of the form y = 7, students
gain an intuitive understanding of how the constant of proportionality, 7, or
the slope, affects the steepness of a line. Given the equation, they can deter-
mine how steep the line will be and whether it will be ascending, descend-
ing, vertical, or horizontal. Another important aspect that students need to
consider when trying to visualize the line that represents a linear equation is
where the line crosses the y-axis. The point at which the line crosses the y-
axis is called the y-intercept. Students learn that if they can identify the slope
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Slope
From A to B:

changeiny 4-—4 _9_0
changeinx 0—(-8) 3

changeiny_4—4_0_o

From B to C: — = =—=
changeinx 2—-0 2
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changeinx 2—(-38) 5

From A to C:

N
w
N
s

N -+ P -+ M W 00 ® N ®©

The ratio of the change in y to the change in x is 0, so the slope is 0; the line is horizontal.

B

Slope

From B to C: The change in y is 2 and the
y C change in x is 0, so, since the fraction is not
defined for 0 in the denominator, the slope
is undefined.

P
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o -
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* 1T 2 3 1 % 6 From A to B: The change in y is 3 and the
change in x is 0, so, since the fraction is not
-2 defined for 0 in the denominator, the slope
A is undefined.

T

=4 From A to C: The change in y is 5 and the
change in x is 0, so, since the fraction is not
defined for 0 in the denominator, the slope
is undefined.

The ratio of the change in y to the change in x is undefined, so the slope is undefined; the line is vertical.

Fig. 2.13. Examples that illustrate when slope is 0 and when it is undefined

and the y-intercept, they have all the information necessary to visualize and,
if they wish, draw the graph.

In students’ initial explorations of linear equations and their graphs,
they have considered equations in the form y = mx. As students mature in
their understanding, they begin to explore equations in the form y = mx + 4.
Teachers can continue to build on students’ understanding of linear equations
and their graphs, as shown in the following classroom discussion.

Teacher: Remember that we used the equation y = x to model the situa-
tion in which you read the same number of pages every day that your friend
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reads. Now let’s change that situation a bit. Suppose you read one more page
every day than your friend. If y is the number of pages you read and x is the
number of pages your friend reads, what equation shows the relationship?

Timmy: y = x + 1. So, if my friend reads nine pages, I read ten. If my
friend reads fifteen pages, I read sixteen, and so on.

Teacher: That equation does model the problem. Who can show us how
to graph it?

Maria: 1 can. My table of values and graph look like this:

y=x+1 i
X y ) 3, 4)
-1 0 3 |
o 1 @9
1 2 ° (1,2
2 3 1
0, -1 ©, 1)
3 4 : )C
-2 2 3 4 3
—1
2

Teacher: We have been comparing many graphs. Let’s compare the graph
of y = x + 1 with the graph of y = x. Tell me about some similarities and
differences.
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Maria: The slopes are the same, but y = x passes through the origin and
y =+ 1 passes through the y-axis at (0, 1) and the x axis at (-1, 0).
Teacher: Those are interesting observations, Maria. Let’s look at some

other pairs of graphs.

Teachers should then have students explore related pairs of equations
and graphs, such as those shown in figure 2.14. Having students graph pairs
of equations on the same coordinate plane can help them more easily iden-
tify similarities and differences. Teachers can have students verify the value of
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the y-intercept by substituting O for x, because the x-coordinate of the y-in-
tercept is 0, and solving the equation for y. This is useful to help students see
that, for example, the y-intercept of the graph of y = (1/3)x - 5 is -5.

y =2x+3
12 4 A /
y = 2Xx y =2x+3 y /
X y X y 10
1 2 1 5 /
2 4 2 7 3
3 6 3 9 y Eox
4 8 4 11 . /
Comparing y =2x and y = 2x + 3 / 0 / X
-] 0 2 4 6 g
—Z
Yy==-X y:—X—5 5 (6,2 r
@1 L~
X y X y !
0,0
3 | - 3 | -6 o4 _J/ |
0 0 0 5 43 2 A ~ 0 : 4 5 @
3 1 3 | -4 +~ o, |,
6 2 6 -3 - /’4"
3
, —T (6,-3)
—T GB,-4)
Comparing y = %x andy = %x -5 — O, 1-9)
4+ [-3,-6) :
(Continued on next page)

Fig. 2.14. Comparing pairs of related graphs
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y=-2x
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Fig. 2.14. Comparing pairs of related graphs—Continued

As students are guided to compare pairs of graphs such as the ones in fig-
ure 2.14, they might conjecture that in an equation in the form y = mx + 4, &
is the y-coordinate of the point at which the line crosses the y-axis. They may
also realize that when the slope is the same and the value of & changes, the
steepness of the corresponding line stays the same but the line moves up or
down the y-axis.

Reflect As You Read

What is the ultimate goal of having students do activities in which they explore linear
equations, slopes, and y-intercepts? What prior background do your students bring to
this discussion that you can build on?

After students have had many opportunities to graph equations of the
form y = mx + 4, teachers should explain that the slope-intercept form of a
linear equation is y = mx + b, where m is the slope and 4 is the y-intercept.
This is called the slope-intercept form and can be used to describe any non-
vertical linear relationship. (A vertical line is described by x = 4, where a is a
constant.) The slope, 7, and the y-intercept, 4, are the numbers that tell you
the relationship between all of the x-y pairs that describe the points on the
line, and if you change the slope or y-intercept, you change the relationship.
The corresponding tables and graphs change as well.

At this point, students can strengthen their understanding of the con-
nection between proportionality and linear equations, that is, that the pro-
portional relationship, y/x = £, or y = kx, is a special case of a linear equation
in the form y = mx + 4, where m = £ and 4 = 0 and, since 4, the y-intercept, is
equal to 0, the corresponding lines cross the y-axis at (0, 0), the origin. Also,
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students should realize that the equation y = x can be written in the form y =
mx + b as y = 1x + 0, where the slope is 1 and the y-intercept is 0.

The ultimate goal of activities exploring linear equations, slopes, and y-
intercepts is to help students begin to gain the ability to visualize the graph of
an equation—to gain a sense of how steep the line is, where it is in relation to
the axes on the coordinate plane, and whether it rises or falls. After teachers
have guided students through carefully crafted examples such as the ones pre-
viously described, students, when given y = 4x — 5 for example, should be able
to articulate that the slope can be described by “over 1, up 4” or “up 4, over 1”
and be able to create a mental picture of about how steep that is in relation
to the scale used in the graph. In addition, students should realize that the
graph of the line crosses the y-axis at -5 and be able to picture about where
that is on the coordinate plane. Also, if students are given two lines, for ex-
ample one represented by y = 4x — 5 and one represented by y = 3x — 5, they
should be able to visualize and explain in what ways these lines are the same
and different, that is, that the line representing y = 4x — 5 is a little steep-
er than the line representing y = 3x — 5 and that they cross the y-axis at the
same point, (0, -5).

Once students have gained these understandings, they will have devel-
oped skills necessary to identify the slope and y-intercept by looking at an
equation in slope-intercept form or at the graph of a line. They will also have
the skills necessary to graph a line given an equation in slope-intercept form
as well as write an equation in slope-intercept form given the graph of a line.
Students should be prepared to complete activities such as those shown in

figure 2.15.

Problem 1: Graph:
What are the slope and y-intercept of the line related to the
equation y = 3x— 47 Use the slope and y-intercept to graph the

@®

equation. D)
f
Solution: 1 /
y = 3x— 4: Because the constant ratio of change in y to change & :
in x is that for every change of 1 in x, there is a change in y of 3 < 1 7 %

T
Ny
'S

(to the right 1, up 3), the slope is 3/1 = 3; and the y-intercept is
—4, so the graph crosses the y-axis at (0, —4).
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(Continued on next page)

Fig. 2.15. Problems showing relationships among y-intercept, slope, equations, and lines
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Problem 2:

Look at the graph. What are the slope and y-intercept? Use the
slope and y-intercept to write an equation in slope-intercept form that
the graph represents.

- 5
(=5, 4) 4
N :
0,1
—5-5—4—3-2-1: NG 4 5 67 8 9 1011
-2
] 5, 12)
=4 \
5 (10, -5)
-6 AN

Solution:
Because for every change of 5 in x there is a change in y of —3 (5 to the right, 3 down),

the slope is —g; and the graph crosses the y-axis at (0, 1), so the y-intercept is 1.

m=_g and b = 1, so the equation in the form}/=mx+bi3y=_gx+1'

Fig. 2.15. Problems showing relationships among y-intercept, slope, equations, and lines—Continued

Relations and functions

Students’ study of linear equations is part of the study of the larger concept
of functions, which stems from a discussion of relations. In grade 8, students
learn that a relation is a set of ordered pairs and that a function is a relation in
which each input (or x-value) has exactly one output (or y-value). Some rela-
tions are functions and some are not, and some relations can be described by
a nice compact equation, and some cannot, as illustrated in figures 2.16, 2.17,

and 2.18.

Team members’ ages and heights

Input a Output h This relation is not a function because
Age (years) Height (inches) there is an input paired with more than
14 66 one output.
14 64 Thei t 14 has th diff t
e inpu as three differen
15 68 outputs.
14 65
13 60

Fig. 2.16. A relation that is not a function
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ESings This relation is a function because
Input h Output p each input is paired with exactly
Hours worked Pay (dollars) one output.
1 4
3 12 The input function can be described
5 20 by the rule p = 4h.

Fig. 2.17. A relation that is a function that can be described by
a compact, symbolic rule

Basketball team
Player’s Input x Output y This relation is a function
last Alphabetical Jersey because each input is paired
name position number with exactly one output.
Ames 1 10 . .
Beck 5 31 There is np compact, symbolic
rule for this function.

Evans 3 25
Graff 4 12
Johnson 5 13
Rios 6 14
Turner 7 33
Wells 8 22

Fig. 2.18. A relation that is a function that cannot be described by
a compact, symbolic rule

The rule for the earnings function in figure 2.17 is p = 44, and the or-
dered pairs (4, p) are (1, 4), (3, 12), and (5, 20). In this function the values of
one variable depend on the values of the other variable. For example, it makes
sense to say that p, the amount of pay, depends on 4, the number of hours
worked. So we say that 4 is the independent variable and p is the dependent
variable. Because a dependent/independent relationship exists in many func-
tions, the first variable in the ordered pairs is often called independent, the
second variable is called dependent, and the rule is stated as an equation in
terms of the independent variable. When the function is graphed, convention
dictates that we usually use the horizontal axis for the independent variable
and the vertical axis for the dependent variable.

In their study of functions, students learn that some functions are linear
and some are not. If a function is linear, it can be represented by a linear equa-
tion and its graph is a line. If a function is nonlinear, any rule, or equation, that
may be able to be written to represent the function is 7oz a linear equation and
the graph of the equation is not a line. For example, the area of a square can be
represented as a function of the length of a side of the square (A = s?), and this
relationship results in a graph that is not a line, as shown in figure 2.19.
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A
12 7
Area of a square 10 / In a nonlinear function, equal
Input s Output A horizontal changes result in
Side length Area 8 / unequal vertical changes.
(Units) (Square units) 5 // 5 vettical change 3 3 5
1 1 4 horizontal change 1 1
1
o) / 3
2 4 z / =4
1
3 9 1 p 4 5
Nonlinear function
Rule: A = s2

Fig. 2.19. Unequal ratios of horizontal and vertical changes in a nonlinear function

Important properties of linear equations and linear functions are summa-

rized in figure 2.20.
X+2y=4 8-3y=1 2x+6=0
2y=—x+4 -3y=-7 2x=-6
7 =
y:—1X+2 y=-—,0r X 3 - .
2 7 The graph is a vertical line
The graph is the line y=0ex+ 3 with an undefined slope

with slope —% and

y-intercept 2.

This equation represents
a function.
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The graph is the horizontal
line with slope 0 and

. 7
y-intercept 3

This equation represents
a function.
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y-intercept.

This equation does not
represent a function,
because the input —3 has
more than one output.
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Fig. 2.20. Linear equations and linear functions
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Systems of linear equations

Students apply their understanding of linear equations as they begin to in-
vestigate systems of equations. In their work with equations, they learn that a
system of linear equations in two variables is a set of two or more linear equa-
tions that contain one or both of those two variables. In grade 8, the focus of
the work with systems of equations is for students to understand the meaning
of “a solution to the system.” At this level, students’ work will mostly involve
numerical and graphical representations of solutions, although in later grades
they will explore systems and their solutions algebraically. To begin this ex-
ploration, students’ work may be limited to systems of equations whose solu-
tions are ordered pairs of integers, to more easily locate the point of intersec-
tion, simplify computation, and focus on the meaning of “finding a solution
to a system of linear equations.” Students’ exploration of systems of linear
equations can be broadened to more complex situations if they are given the
opportunity to use graphing technology in their explorations.

As with students’ initial work with equations, students should begin ex-
ploring systems of equations in context. Understanding the meaning of the
solution to a system of equations in the context of a problem is an essential
component in students’ developing their competence with systems of lin-
ear equations. Teachers can help students begin to build this understanding
through classroom discussions such as the following:

Teacher: Let’s think about this problem.

Suppose you want to join an online music site. Site A charges $6.00 per
month plus $1.25 for each song you download. Site B charges $2.00 for each
song you download and has no monthly fee. How many songs would you

have to download in one month to make the costs of the sites the same?

The work we have been doing with linear equations and graphing can
help you solve this problem. First, we can write an equation to represent the
cost of participating in site A for one month. Barb, how might we do that?

Barb: Well, in site A, there is a $6 a month charge plus $1.25 charge for
each song you download. So I would write the equation y = 1.25x + 6, where x
is the number of songs you download and y is the total charge for one month.

Teacher: That equation does represent the cost of songs for a month at
site A. Now, can someone provide an equation for participating in site B for
one month?

Jeremy: Site B has no monthly fee, but the cost of downloading each song
is higher; it is $2 for each song, so y = 2x, where «x is the number of songs
downloaded in a month and y is the total cost.

Teacher: Let’s look at the question “How many songs would you have to
download in one month to make the cost of both sites the same?” along with
our equations: y = 1.25x + 6 and y = 2x. These equations have the same vari-
ables, x and y. We call equations with the same variables a system of equa-

tions. The question asks us how many songs you would have to download
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in one month to make the cost of the sites the same. In both equations the
number of songs is represented by x and the total cost is represented by y.
One way to think about the problem is that we can write solutions to each
equation as ordered pairs (x, y) and that the question asks us to find the spe-
cific ordered pair (x, y) that is a solution to both equations. One way to find
this ordered pair is to graph the equations. Take a few minutes to sketch
a graph of y = 1.25x + 6. [ The teacher gives students time to work.] Who
would like to share with us what they did?

Gerry: I made a table of values that solved the equation and then used the
ordered pairs to make the graph of the line that goes with the equation. My
table and graph look like this:

23
y=125x+6 29 4
X Y 20 /112, 21)
6 19 /
11 18 /
16 16
21 15 /

—

—
-
~>

D,

N|oo|~|O

44
o -
E\
B
=Y
—h

O=2MNWHPUUTON ©

012345678 910111213

Teacher: That graph does represent the equation. Remember how we
graphed equations on the same coordinate plane when we wanted to compare
them? Let’s try that with these equations. Take a few minutes to graph the
second equation on the same coordinate plane. [Pause.] Who can tell me how
they graphed y = 2x and what the graph looks like?

Jeremy: I used the slope and the y-intercept to graph y = 2x. Since 4 = 0 in
the equation, the graph passes through the origin. The slope is 2. I know that

the slope is the change in y-values over the change in x-values. So if

2
lope =2 = =,
slope 1

for every change of 1 in the x-values, there is a change of 2 in the y-values. I
can use that to graph my line. I put a point at the origin. Then I counted to
the right 1 and up 2 and put another point. From there I counted to the right
1 and up 2. Then I did that a third time. Then I drew a line to connect the
points. My graph looks like this:
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Teacher: Let’s compare these graphs. What do you notice?

John:1 see that their slopes are different. That makes sense because the
value of 72 in the equations is different; in y = 1.25x + 6, m = 1.25 and in y =
2x, m = 2.

Barb: 1 see that where they intersect the y-axis is different: y = 1.25x + 6
intersects the y-axis at (0, 6), and y = 2x intersects at the origin. That makes
sense because the /-value in y = 1.25x + 6 is 6 and in y = 2x it is 0.

Teacher: Is there anything else you notice about the lines?

Gerry: 1 see that they intersect at a point—at point (8, 16).

Teacher: Interesting observation, Gerry. How did you know that point
was (8,16)?

Gerry: Because the coordinates of the point have to satisfy both equa-

tions, and
y=125x4+6
16=1.25(8)+6
16=10+6
16=16

and
y=2x
16=2(8)
16 =16.

We might have been sloppy when we drew the graph, so I made sure the
numbers worked.
Chantelle: And when I used my graphing calculator to trace to the point

where the graphs met, the coordinates said (8, 16).
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Teacher: So we can justify that these are the coordinates of the point of
intersection. What does (8, 16) mean in the context of the equation for
site A?

Gerry: It means that if you download eight songs, the total cost is $16.

Teacher- What does (8, 16) mean in the context of the equation for site B?

Jeremy: It means the same thing! If you download eight songs, the total
cost is $16.

Teacher: Remember we said that the question asks us to find the ordered
pair (x, y) that is a solution to both equations. The point of intersection shows
the point that makes both equations true, so that point is the solution to both
equations. In this case, the graphs intersect at (8, 16), so (8, 16) is the solution
to the system of linear equations. What does this solution mean in the con-
text of the problem?

Beni: Well, the answer to the problem is eight songs, because if you
download eight songs in one month at either place, it will cost you $16 for
that month.

Students should explore many problems in which they write and graph
pairs of equations within contexts. They should learn that, in general, in a
system of two linear equations, the point at which the graphs of those two
equations intersect is the solution to the system of equations. Experiences
should be carefully structured to include equations that represent parallel lines
and equations that are equivalent, so that students can begin to understand
the relationships between these types of pairs of equations. For example, two
equations involving the same slope are representing either two lines that are
parallel and do not intersect or are different equations representing the same
line. Therefore, a system of linear equations consisting of equations involv-
ing the same slope either does not have a solution or has infinitely many solu-
tions. Students should understand how this makes sense in the context of the
problem. For example, referring back to the song download problem, if site
A charges $6.00 per month plus $1.25 for each song you download and site
B charges $4.00 per month plus $1.25, the cost of downloading songs at site
A will always be $2 more than the cost of downloading songs at site B, so the
cost will never be the same. Students will see this reflected in the equations
and graphs that represent the problems. The equations y = 1.25x + 6 and y =
1.25x + 4 have the same slope and therefore result in parallel lines. Parallel
lines do not intersect, so there is no solution. Graphing equivalent linear
equations results in a graph of one line, so all points on the line are solutions
to a system consisting of two equivalent equations. After many opportunities
to explore a wide variety of purposefully crafted systems of two linear equa-
tions, students learn that these systems can have exactly one solution, no solu-
tion, or an infinite number of solutions, as illustrated in figure 2.21.
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y=x+1 y=2x+1 y=—x4+1
y=—-2x+4 y= X= -2
y y y
4
O O O
5 5
2 4 yE2+1 y:—x+1\ 4
yExi1
3 3 2,8) 3
2 (41 o\ n (1,3)| ye3 .
= (=) z 2
1 j/ X=-2 1
34 1 N3 4 5 8% | 35 T2 3 4 5 65| 35 93 3 3°4 0
; y=-2x +4 q 0
2 Ao 2

The solution of the system
is (1, 2).

The solution of the system

is (1, 3).

The solution of the system
is (-2, 3).

Each system has exactly one solution because there are two separate lines that intersect.

y=§x+1
4
3
y_zx—2
y
5 )
3, 2 e
V=Z +14 v
Z ol 2 X
4 —\/4_/—1_1( /2/: 4
e
77744£j,£'2

The system has no solution,
because the lines are parallel.

2x—y=1
3y=6x—3
2x—-y=1 3y=6x—3
6 3
—y=—-2x+1 ==—X—=
y y 3 3
—1(—y)=—-1(-2x +1) y=2x-1
y=2x-1

The equations are both equivalentto y =2x —1

Because the equations are equivalent, they
represent the same line.

Therefore, the system has an infinite number
of solutions.

Fig. 2.21. Different types of solution sets for a system of two linear equations
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Focusing on Linear Functions and
Linear Equations through Problem
Solving

Students’ understanding of linear functions and linear equations deep-

ens as they solve problems involving functional relationships that are linear.
Students can use their skills to write equations and create graphs that help
them model and solve these problems. Throughout students’ problem-solving
experiences, teachers should be sure that students understand what the x-
and y-values and slope of a line mean in the context of the problem. Students
should also be reminded that although all the points on a line are solutions to
the linear equation, they may not all make sense as solutions in the context of
the problem. For example, suppose Matthew always plays his trumpet fifteen
minutes longer than he plays his clarinet. The equation # = ¢ + 15 can be used
to describe the time Matthew plays his trumpet. The point (-13, 2) on the
line is related to the equation because

t=c+15
2=(—13)+15
2=2

However, it doesn’t make sense that Matthew would spend -13 minutes
playing his clarinet, so the solution does not make sense in the context of the
problem. In the case of this situation, only nonnegative solutions would make
sense. In many real-life situations, like this one, only the solutions on the ¢
axis and in the first quadrant of the coordinate plane make sense.

Teachers should give students a variety of problems in which they write
and graph equations to find solutions. One such problem is shown in figure

2.22.

Problem:
To train for a bicycle race, you ride from your house to a park that has a loop trail. It

takes you 1 minute to ride to the park, 1% minutes to ride each lap of the trail, and 1

more minute to ride home. Let y represent the total number of minutes it takes you to
ride to the park, ride x laps of the trail, and then ride back home. How many minutes will
it take to ride to the park, ride 6 laps, and then ride home? Explain how you can use an
equation and a graph to find the answer.

Solution:
You can write the equation y = gx + 2 to represent the relationship between total time

and number of laps. If you ride 6 laps, then x = 6, and you can solve for y to find the total
time:
(Continued on next page)

Fig. 2.22. Example that shows how to use a linear equation and a graph
to solve a problem
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Number of laps

Since x = 6, look for the point on the graph that has an x-coordinate of 6. The point
(6,11) is on the graph, so the total time is 11 minutes when the number of laps is 6.

Fig. 2.22. Example that shows how to use a linear equation and a graph
to solve a problem—Continued

Teachers should be sure to include problems in which students can ex-
tend the line of the graph to find the solution to the problem, such as the one
shown in figure 2.23.

Problem:
You are selling drinks at a school play to earn money for the drama club. The graph shows how the profit is related
to the number of drinks you sell. How many drinks do you need to sell to earn a $30 profit? A $40 profit?

y
50
Bi% x(
- . 1(85, 40
35 e
~ |36 K
& -“1(65, 30)
= [25 -
L
2 |20 -
o
15
10
I~
[~ X
10|20 |30 | 40| 50 |60 |70 | g0 | 90 | 100
=54

Number of drinks sold

Solution:
You can extend the graph to find the answers. The line crosses the point (65, 30) and (85, 40), so you need to sell 65
drinks to make a profit of $30 and 85 drinks to make a profit of $40.

Fig. 2.23. Example of extending a graph to solve a problem
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Notice that in the example in figure 2.23, fractional and negative val-
ues do have meaning. It is important that teachers include a wide variety of
problems in which the slope is negative, as well as problems, such as the one
in figure 2.23, in which fractional and negative values make sense. Teachers
can extend students’ exploration of the problem in figure 2.23 by asking such
questions as “What does the point (0, -5/2) represent in the context of the
problem? Explain a situation in which this point could make sense.” (-5/2 is
equal to a loss of $2.50. This solution means that if you sell no drinks, you
will lose $2.50. This could happen if, for example, you spend $2.50 on ice and
you can return all unsold drinks for a refund, then you will lose $2.50 if you
sell no drinks.)

Teachers should also include rich and varied problems in which students
need to write systems of equations and graph the systems to find solutions. If
students do not have access to graphing technology, the problems should be
restricted to equations with integral solutions, as it is difficult to graph frac-
tional values precisely enough to read the coordinates from the graph. An ex-

ample of such a problem is shown in figure 2.24.

Problem:

Students, parents, and teachers are on an eighth-grade field trip. Sixty of them
go in a museum. The ticket prices are $2 per student and $4 per adult. The total
cost for the tickets is $140. How many adults and how many students bought
tickets?

Possible Solution:

Step 1: Write equations to model the problem. Let x represent the number of
student tickets bought and y represent the number of adult tickets
bought.

e [fthe sum of x and y is 60, then x + y = 60.

e If the student tickets are $2 each, then 2x represents the total cost of
student tickets. If the adult tickets are $4 each, then 4y represents the
total cost of adult tickets.

e |f the total cost of all the tickets is $140, then the sum of the cost of the
student tickets and the adult tickets is $140, or
2x + 4y = 140.

e So the system of equations that models the problem is
X +y =60, and 2x + 4y = 140.

Step 2: Either write the equations in y-intercept form and find the slopes and
y-intercepts, or find ordered pairs that satisfy the equations as they are
written.

Step 3: Graph the equations on the same coordinate plane.

(Continued on next page)

Fig. 2.24. Example of using a system of equations to solve a problem
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Step 4: Identify the solution. Explain the solution in the context of the problem.

(50, 10); the solution (50, 10) represents that fifty of the sixty tickets
bought are student tickets and ten are adult tickets.

Fig. 2.24. Example of using a system of equations to solve a problem—Continued

Problems like the one in figure 2.24 can be modified to provide opportu-
nities for deeper understanding of linear equations as models of certain types
of situations. Teachers can adjust the numbers in the problem to highlight
different information. For example, if the total number of tickets is changed
to thirty-one, the ticket prices are $2 per student and $5 per adult, and the
total cost is $80, students would write the following equations:

x+y=31
2x+5y=80

and the solution would then be (25, 6).

Strengthening Understanding through
Connections

In grade 8 students apply their developing understanding of functions as they
encounter nonlinear functions, including inverse proportionality and basic
quadratic and exponential functions; examine arithmetic sequences; and solve
problems involving rates such as motion at a constant speed. Students learn

that inverse proportionality (inverse variation) can be modeled by an equation
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in any of the forms y = #/x, x = £y, or xy = %, where x, y, and 2 # 0 . Students
gain the ability to contrast inversely proportional relationships with (directly)
proportional relationships in the form y = Zx, y/x = 4, or % = y/x. One example
of inverse proportionality that students might encounter involves the possible
lengths and widths of a rectangle that has a given area, as shown in figure 2.25.

Possible lengths and widths of a rectangle that has an area of 48 square units:

length x 2 6 8 10 30

width y 24 8 6 4.8 1.6

This inversely proportional relationship can be modeled by the equations

y:ﬁ,x=ﬁ,orxy=48.
X y

Fig. 2.25. Example showing an inversely proportional relationship

Students also encounter basic quadratic and exponential functions in
grade 8. For example, students might encounter the quadratic equation 4 =
16¢%, which models the total distance traveled by a free-falling object over
time, where 5 is the number of feet an object falls (neglecting air resistance)
in # seconds. An exponential function, y = 20,000(0.85%), is a model for the
value of a car that is purchased for $20,000 and decreases in value 15 percent
per year, where y represents the value in dollars x years after the purchase.
Through their work with linear and nonlinear functions, students learn to
recognize that if the rate of change of a function is constant, then the func-
tion is a linear function whose graph is a line. However, if the rate of change
is not constant, then the function is a nonlinear function whose graph is not
a line. The rate of change in the nonlinear function y = 20,000(0.85%) is not
constant. Students learn to recognize this nonconstant rate of change as re-
flected in the table of values for the equation as well as in the nonlinear graph
that represents the equation, as shown in figure 2.26.

Students also apply their understanding of linear functions as they deep-
en their understanding of arithmetic sequences, including those that arise
from patterns and problem-solving situations. In grade 6, students learn to
connect formulas with sequences. In grade 8, students extend this knowledge
as they learn that some of these sequences can be represented as linear func-
tions. For example: If you start with twenty-five music CDs and you buy two
new CDs at some time during each month, then the total number of CDs
you have at the end of each month is given by the arithmetic sequence below.

month number 1, 2, 3, 4,... (term number in the sequence)

number of CDs 27, 29, 31, 33,... (term of the sequence)
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Exponential function y = 20,000(0.85%)

Change Change Change
1 1 1
years x 0 -~ [ ™17 ™ 2~ [ 3
value ($) y 20,000.00 17,000.00 14,450.00 12,282.50
Change Change Change
-3,000 -2,550 -2,167.50

Depreciation in Value of a Car

y
25000
20000
AN
AN
\\
@ 15000
5 y=20,000 (085
=
5 10000
>
5000 —=
X
2 4 6 8

Years after purchase

Fig. 2.26. Nonconstant rate of change as reflected in a table of values and a graph

This sequence can be represented by the linear function y = 2x + 25, where x
is the month number and y is the number of CDs.

Students also apply their work with linear equations as they solve prob-
lems involving rates. For example, if you are 400 miles from home and you
travel toward home at a constant rate of 55 miles per hour, you can model the
situation with the equation y = =55x + 400, where y represents your distance
from home when x hours have elapsed.

Connections in later grades

In later grades students will expand their understanding of number systems.
They will learn about different ways of representing numbers, will compute
and make reasonable estimates within both the real number system and the
complex number system, and will judge the reasonableness of their results.
They will study relationships among number systems, learning that the set of

real numbers is made up of rational numbers and irrational numbers, where-
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as the set of complex numbers is made up of real numbers and imaginary
numbers.

Students will study the meanings of operations and how they relate to
one another. They will judge the effects of such operations as multiplication,
division, and computing powers and roots on the magnitudes of quantities.
They will find that some solutions to quadratic equations are complex num-
bers. For example, the solutions to x* = =9 are the complex numbers 37 and
—3i. Students will also study vectors and matrices as systems that have some
of the properties of the real number system, using such operations as addition
and multiplication.

Students expand their ability to use deductive reasoning to prove math-
ematical statements. For example, to prove the statement that the sum of an
even and an odd number is always an odd number, students learn to argue
that an even number is a whole number that has a factor of 2, so any even
number can be represented by 2. An odd number is 1 more than an even
number, so any odd number can be represented by 27 + 1, where 7 and 7 rep-
resent whole numbers. So 2m + 2n + 1) = @m + 2n) + 1 = 2(m + n) + 1. Since
2(m + n) is an even number and 2(m + #) + 1 is one more than an even num-
ber, 2(m + 1) + 1 is an odd number, and the sum of an odd number and an
even number is always an odd number.

Students will continue their study of relations and functions and use
functions to generalize more and more complex patterns. They will deepen
their ability to analyze functions as they investigate rates of change, inter-
cepts, zeros, asymptotes, and the behavior of a function’s graph in key regions.
Students will study properties of classes of functions, including exponential,
polynomial, rational, logarithmic, and periodic functions. They will add, sub-
tract, multiply, divide, and compose functions and will find inverses of func-
tions. Students will work with expressions, equations, inequalities, relations,
and systems of equations. They will use a variety of symbolic representations,
including recursive and parametric equations, for functions and relations.

Developing Depth of Understanding

Why is it important to have students make connections among numerical
(tabular), geometric (graphical), and algebraic representations of linear rela-
tionships? What activities can you give students to help them build a strong
understanding of the characteristics of a linear relationship, for example, how
do slope and the y-intercept of a line describe the relationship between the
coordinates, x and y, of the points on the line?




3 Focusing on Analyzing Geometric Figures

and Space by Using Distance and Angle

In grade 8, students learn how to analyze two- and three-dimensional space
and figures by using distance and angle. Students learn how to analyze the
angles created when parallel lines are cut by a transversal. They also learn the
Pythagorean theorem and its converse and apply them to problem-solving
situations. The eventual goal of this Focal Point is for students to use the
knowledge they acquire about these concepts to solve problems involving dis-
tance and angle in two- and three-dimensional figures.

Instructional Progression for Analyzing
Geometric Figures and Space by Using
Distance and Angle

The focus on distance and angle in grade 8 is supported by a progression of
related mathematical ideas before and after grade 8, as shown in table 3.1.
To give perspective to the grade 8 work, we first discuss some of the impor-
tant ideas that students focus on before grade 8 that prepare them for learn-
ing how to analyze geometric figures and space by using distance and angle in
grade 8. At the end of the detailed discussion of this grade 8 Focal Point, we
present examples of how students will analyze geometric figures and space in
later grades. For more detailed discussions of the “before” parts of the instruc-
tional progression, please see the appropriate grade-level books, for example,
Focus in Grade 6 NCTM 2010) and Focus in Grade 7(NCTM 2010).

Table 3.1 represents an instructional progression for the conceptual un-
derstanding of analyzing geometric figures and space before grade 8, during
grade 8, and after grade 8.

Early Foundations for Analyzing
Geometric Figures and Space by
Using Distance and Angle

Before grade 8 students develop an understanding of similarity as a geometric
property in which relationships among lengths within an object are preserved
and corresponding lengths of similar objects are proportional. They use this
understanding to find lengths in similar figures, find distances on maps, and
solve other problems involving similarity, as shown in figure 3.1.
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Table 3.1
Grade 8: Focusing on Analyzing Geometric Figures and Space by Using Distance and Angle—Instructional
Progression for Analyzing Geometric Figures and Space by Using Distance and Angle

Before Grade 8

Grade 8

After Grade 8

Students develop an understanding of
similarity as a geometric relationship in
which relationships of lengths within
an object are preserved and use scale
factors to solve problems, for example,
finding lengths in similar figures, dis-
tances on maps, and so on.

Students use proportionality to under-
stand pi and its use in determining
circumference and area of a circle
(introduce formulas).

Students find the surface areas of
prisms and cylinders by decomposing
the three-dimensional figure into its
two-dimensional components.

Students derive and justify the formula
for volume of prisms and cylinders (vol-
ume = area of base x height) by decom-
posing the three-dimensional figure
into smaller component figures.

Students understand and are able to
describe the relationship between the
scale factor and the areas and volumes
of similar figures.

Students solve a variety of problems in-
volving area, surface area, circumference
of circles, and volume of prisms and
cylinders using various strategies.

Students create and critique inductive
and deductive arguments concerning
situations involving the angles formed
when two parallel lines are cut by a
transversal.

Students understand the relationships
among the angles, side lengths, pe-
rimeters, areas, and volumes of similar
objects and use these relationships to
solve problems.

Students develop an understanding of
the Pythagorean theorem (that is, giv-
en a right triangle, then the lengths of
the sides have a specific relationship)
and its converse (that is, given the spe-
cific relationship between the lengths
of the sides of a triangle, then the tri-
angle must be a right triangle.)

Students apply the Pythagorean theo-

rem and its converse to solve problems.

Students analyze characteristics and
properties of two- and three-dimen-
sional geometric figures and develop
mathematical arguments about geo-
metric relationships.

Students specify locations and de-
scribe spatial relationships using coor-
dinate geometry and other represen-
tational systems.

Students apply transformations and
use symmetry to analyze mathemati-
cal situations.

Students use visualization, spatial rea-
soning, and geometric modeling to
solve problems.

Students understand measurable at-
tributes of objects and the units, sys-
tems, and processes of measurement.

Students apply appropriate tech-
niques, tools, and formulas to deter-
mine measurements.

Students also learn that in all circles, the circumference is proportional

to the diameter and that the constant ratio of circumference to diameter is
(pi). This fact is represented in the circumference formula, that is,

C 7
4 1
CxXl=mnd
C=nd.
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Problem: AABC and APQR are similar. Find the length of QR.

Q
B
X
8 5
A 10 C P 16 R
Solution 1: Corresponding lengths in similar figures are proportional, so %:;
10_5
16 x
10x =16+5
10x =80
x=8

The missing side has a length of 8 units.

Solution 2: The ratio of any two lengths in one figure is equivalent to the ratio

of the corresponding lengths in a similar figure, so %:1)(_6
2 X
10 16
10x =5-16
10x =80
x=8

The missing side has a length of 8 units.

Fig. 3.1. Example showing how to use similarity to solve problems

Students also see an explanation that establishes credibility for the area for-
mula, and they find the diameter, radius, circumference, and area of circles.
In grade 7, students find the surface areas of prisms and cylinders by de-
composing three-dimensional figures into their two-dimensional compo-
nents. They also derive and justify the formula for the volume of prisms and
cylinders (volume = area of base x height) by decomposing the three-dimen-
sional figure into smaller component figures. Students understand and are
able to describe the relationship between the scale factor and the areas and
volumes of similar figures. Students use their understanding of these relevant
relationships and formulas along with various strategies to solve a variety of
problems involving circumference and area of circles and surface area and

volume of prisms and cylinders.
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Focusing on Analyzing Geometric
Figures and Space by Using Distance
and Angle

In grade 8, students use distance and angle to analyze geometric figures and
space by developing understandings in three categories: angle relationships
tormed when parallel lines are cut by a transversal, the Pythagorean theorem,
and the relationships that result from similarity. As students work toward at-
taining these understandings, they use both inductive and deductive reason-
ing to discover the properties related to distance and angle that are necessary
to analyze geometric figures and space.

When teaching geometry in grade 8, it is important to note the existence of
Euclidean geometry resulting from a certain set of assumptions, or axioms, and
which most of us are familiar with, and non-Euclidean geometries that are re-
sults of different sets of assumptions. A basic axiom, or postulate, of Euclidean
geometry is the parallel postulate that states, “Given a line and a point not on
that line, there is exactly one line through the point that is parallel to the line.”
Two non-Euclidean geometries are hyperbolic geometry and elliptic geometry,
each of which has a different parallel postulate from the one in Euclidean ge-
ometry and from each other. In hyperbolic geometry there are at least two lines
through the point that are parallel to the given line; in elliptic geometry there
are no lines through the point that are parallel to the given line. Most, and in
many cases all, of the work that students do in geometry is Euclidean geometry
until they reach college-level geometry. The concepts in this Focal Point re-
garding geometric figures and space are concepts of Euclidean geometry. If stu-
dents were to study corresponding concepts in a non-Euclidean geometry, they
would learn some different relationships and results.

Inductive and deductive reasoning

Inductive reasoning is a process of observing a pattern of events or examples
and then, on the basis of the pattern, making a conjecture, or unproved con-
clusion. The conjecture may or may not be true. Inductive reasoning proceeds
from the particular to the general. Some examples appear in figure 3.2.

Deductive reasoning is a process of reasoning logically from given facts,
using previously established facts and relationships, to reach a conclusion. If
the given facts are true and the logic is applied correctly, then the conclusion
is true. Deductive reasoning is used in mathematics to prove that a statement
is true. This statement is often a conjecture that was created with inductive
reasoning. An example of deductive reasoning is shown in figure 3.3.

Once a statement is proved true with deductive reasoning, it is called a
theorem and can be applied to specific cases; in that way, deductive reasoning
can be used to proceed from the general to the particular. For example, after
proving that the sum of any two even numbers is even, one can conclude that
the sum of 513,256 and 14,808 is an even number without actually doing the
calculation.
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e Hector sees that the price of a stock increases every month for 10
consecutive months and makes the conjecture that the price will
increase in the 11th month.

e Arlo looks at the sequence 3, 5, 8, 12, 17, .... He observes the
pattern of the difference between adjacent numbers being 1 more
each time and then makes the conjecture that the next number in
the sequence is 23.

e Jill examines sums of even numbers, suchas 2 + 4 =6, 4 + 10 = 14,
and 18 + 24 = 42, and then makes the conjecture that the sum of
any two even numbers is even.

Fig. 3.2. Examples of inductive reasoning

Statement: The sum of any two even numbers is even.
Deductive reasoning to prove the statement:

An even number is a whole number that is divisible by 2, so any even
number can be represented by 2n, where n is a whole humber.

Let 2a and 2b represent any two even numbers, where a and b are
whole numbers.

By the distributive property, 2a + 2b = 2(a + b).

Because whole numbers are closed with respect to addition,a + b is a
whole number.

2(a + b) is even because it is a whole number that is divisible by 2.

Therefore, the sum of any two even numbers is even.

Fig. 3.3. Example of deductive reasoning to prove a statement

Using inductive and deductive reasoning in geometry

Students can use inductive as well as deductive reasoning to explore geomet-
ric relationships regarding angle and distance. For example, students can cut
apart a triangle, place its angles together, and observe that the angles create a
straight line and so have a sum of 180 degrees. If they complete this activity
for many different triangles and observe the same result, they can use induc-
tive reasoning to conjecture that the sum of the angles in all triangles is 180
degrees. Also, students can use deductive reasoning in several different ways
to prove that the sum of the angles in all triangles is 180 degrees, a statement
that can then be used as a theorem. This deductive reasoning involves logi-
cal arguments that use definitions, axioms, or existing theorems. An axiom, or
postulate, in mathematics is a statement that is accepted as true without proof.
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Much of the work that students do in mathematics in kindergarten
through grade 8 involves inductive reasoning. Younger students are more able
to observe relationships and properties and make conjectures than to use logi-
cal reasoning to prove the conjectures. As students advance in mathematics,
however, the ability to use deductive reasoning becomes increasingly impor-
tant. Even in advanced mathematics, though, inductive reasoning still plays
an important role. Through inductive reasoning, mathematicians may observe
relationships and properties that lead to conjectures that can then be proved
or disproved using deductive reasoning.

Angle relationships in intersecting lines

In previous grades students have learned how to measure and classify angles.
They have also learned about complementary angles (i.e., angles with mea-
sures whose sum is 90 degrees) and supplementary angles (i.e., angles with
measures whose sum is 180 degrees) as well as perpendicular and parallel
lines. In grade 8 students extend their understanding of angles and their re-
lationships as they learn about vertical angles and their congruence. Students
can be guided to use inductive and deductive reasoning as they explore verti-
cal angles, as shown in figure 3.4. Students could also use geometry explora-
tion software as a tool in this activity.

Vertical angles are a pair of nonadjacent angles formed by the
intersection of two lines. Angles 1 and 3 are vertical angles. 2
Angles 2 and 4 are vertical angles. 1 3

Inductive Reasoning:

1. Cut out angles 3 and 4 along with their interiors and reposition
them to fit onto angles 1 and 2 and their interiors to see that
vertical angles are congruent. 4

2. Repeat for many vertical angles of different sizes. Recognize that in all the examples,
vertical angles are congruent.

3. Conjecture that all pairs of vertical angles are congruent.

Deductive Reasoning:

mZ1+mz£2 =180°— 1. The sum of the measure of angle 1 and that of angle 2
is 180° because angle 1 and angle 2 are supplementary angles.

(Continued on next page)

Fig. 3.4. Using inductive reasoning to make a conjecture and deductive reasoning to prove
that vertical angles are congruent
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mZ£1+mZ£2 =180°— 2. The sum of the measure of angle 3 and that of angle 2 is
180° because angle 3 and angle 2 are supplementary angles.

mZ1+msZ2=m«£3+m4£2 — 3. Both sums are equal to 180°.

So, m£1=m4£3 - 4. So, because you can subtract the measure of angle 2 from both
sides, the measure of angle 1 and the measure of angle 3 are
equal to each other.

5. Angle 1 and angle 3 represent any pair of vertical angles,

" so we have proved that all pairs of vertical angles are congruent.

Fig. 3.4. Using inductive reasoning to make a conjecture and deductive reasoning to prove
that vertical angles are congruent—Continued

Notice that in the deductive reasoning example, students draw on previ-
ous knowledge of equations, supplementary angles, and the subtraction prop-
erty of equality. They connect these ideas to create a logical argument that
proves that vertical angles are congruent. Thus, students use prior knowledge
in a new way to investigate and understand a new concept.

In grade 8, students use prior knowledge to explore another new con-
cept—the angle relationships formed by the angles created when parallel lines
are cut by a transversal. In initial experiences with the transversal diagram,
teachers should point out that a fransversal is a line that crosses two other
lines. Different transversal diagrams are shown in figure 3.5.

= ]

Fig. 3.5. Transversal diagrams

As is illustrated in figure 3.5, a transversal can cross any pair of lines in
the same plane; the lines need not be parallel. However, in the transversal
diagram involving parallel lines, several interesting angle relationships exist.
Before teachers can help students inductively conjecture about and then de-
ductively prove the angle relationships that are formed in a transversal dia-
gram involving parallel lines, students need to understand the vocabulary as-
sociated with the angles in a transversal diagram, as shown in figure 3.6.
Notice that this vocabulary is the same even if the lines are not parallel.
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Lines a and b are cut by transversal t.

Z1 and £2 /5 and £6 < These pairs of angles are adjacent angles.

/2 and Z4 Z6 and /8 Adjacent angles are angles that share a common
Z4 and £3 /8 and £7 vertex and a common side, are in the same plane,
/3 and /1 7 and /5 and whose interiors do not overlap.

1, £2, £7,and £8 < These angles are exterior angles. Exterior an-
gles are on the outside of the pair of lines cut by the
transversal.

/3, Z4, /5, and £6 < These angles are interior angles. Interior angles
are on the inside of the pair of lines cut by the
transversal.

Z1 and /8 Z2 and £7 < These pairs of angles are alternate exterior angles.

Alternate exterior angles are exterior angles on
opposite sides of the transversal.

Z£3 and £6 Z4 and £5 < These pairs of angles are alternate interior angles.
Alternate interior angles are interior angles on
opposite sides of the transversal.

Z1 and £7 /2 and /8 < These pairs of angles are same-side exterior
angles. Same-side exterior angles are exterior
angles on the same side of the transversal.

/3 and /5 Z4 and £6 < These pairs of angles are same-side interior
angles. Same-side interior angles are interior
angles on the same side of the transversal.

Z1 and £5 /2 and £6 « These pairs of angles are corresponding angles.
Z£3 and £7 Z4 and /8 Corresponding angles are in corresponding
positions relative to the two lines and transversal.

Fig. 3.6. Vocabulary associated with the angles created in a transversal diagram

Once students have a working knowledge of the names of the angles in
the transversal diagram, they can begin exploring the angle relationships that
are created when a transversal cuts two parallel lines, as shown in the class-
room discussion that follows about the following transversal diagram:
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Teacher: On a sheet of notebook paper, sketch this transversal diagram.
We are going to assume that lines 2 and 4 are parallel, so you might want to
try to make them look that way as much as you can. Then use a protractor to
measure all the angles to the nearest degree and label the angles with their
measurements.

Teachers should note that in students’ diagrams, the measures of angles 1,
4,5, and 8 should all be approximately equal; the measures of angles 2, 3, 6,
and 7 should all be approximately equal; and the sum of the measures of an-
gles 1 and 2 should be approximately 180 degrees. There are various reasons
why students might not get angle measures that satisfy these requirements.
Teachers might need to help students obtain satisfactory measures by redraw-
ing the lines to be sure they are closer to being parallel or by remeasuring the
angles. Students can also do this type of activity on a computer or graphing
calculator with geometry exploration software.

Teacher: Who would like to share their measurements?

Bjorn: I would. My measures of angles 1, 4, 5, and 8 in my diagram were
all around 60 degrees. Some looked like 58 degrees or 59 degrees; some
looked like 62 or 63 degrees. My measures of angles 2, 3, 6, and 7 were all
close to 120 degrees.

Teacher: How about the rest of you? [The teacher gives the students time
to discuss their results.] So, it seems like, even though we can’t make exact
measurements, we all seem to agree on about 60 degrees and 120 degrees for
the measurements of the two angles. I drew the picture trying to make angle
1 measure 60 degrees, and then the others just ended up as they are because
of the measure of angle 1. So, Bjorn, how did you label your diagram?

Bjorn: Mly diagram looks like this:
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g0 R 400
1 \ 2
*4 aH
. 3\4 )
60° \ 120°
5 \ 6
4< >b—
o7\ 8
t

Teacher: What is the sum of the measures of adjacent angles 1 and 2 in
Bjorn’s diagram? Why does that make sense?

Cat: 60 + 120 = 180, so the sum of the measures of angles 1 and 2 1s 180
degrees. That makes sense because angles 1 and 2 form a straight angle and
the measure of a straight angle is 180 degrees.

Teacher: That is a good observation, Cat. Let’s look at other pairs of an-
gles. What relationships do you see?

At this point, students should look at Bjorn’s diagram and notice the
tollowing angle relationships that exist when two parallel lines are cut by a
transversal:

e alternate interior angles are congruent;

o alternate exterior angles are congruent;

e corresponding angles are congruent;

e same-side interior angles are supplementary;
e same-side exterior angles are supplementary.

Then teachers should have students look at their own diagrams and the dia-
grams of the others in the class. They should find that in all cases, regardless
of the measurements of the angles, these same relationships exist. Through
inductive reasoning, then, students can conjecture that these relationships are
true for all transversal diagrams that involve parallel lines.

After students have used inductive reasoning to make conjectures about
these angle relationships, they can use information about Euclidean geometry
to prove that these relationships are true for all transversal diagrams involving
parallel lines. With regard to the transversal diagram involving parallel lines,
students need to know an accepted truth, or axiom, in Euclidean geometry
that is called the corresponding angles axiom: “If two parallel lines are cut by
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a transversal, then corresponding angles are congruent.” This statement is es-
sentially equivalent to the Euclidean parallel postulate that was mentioned
before as a distinguishing characteristic between Euclidean and non-Euclid-
ean geometries. On this axiom, or accepted truth, in Euclidean geometry, de-
ductive arguments that prove the other angle relationships can be built.

Classroom discussions, such as the one that follows, can help students be-
gin to understand the deductive reasoning involved in proving the angle rela-
tionships in a diagram in which parallel lines are cut by a transversal. Again,
teachers would use a diagram like the one shown, where line a is parallel to
line 4.

Teacher: We used inductive reasoning to conjecture about the relation-
ships in this transversal diagram. Let’s learn how to use deductive reasoning
to prove these relationships. If we assume that the axiom “If two parallel lines
are cut by a transversal, then corresponding angles are congruent” is true,
which angles are congruent?

Marrah: Angles 1 and 5; 2 and 6; 3 and 7; and 4 and 8.

Teacher: Those are the corresponding angles. Now let’s choose alternate
interior angles. What do we think is true about the relationship between al-
ternate interior angles?

Bob: They are congruent.

Teacher: Okay. Let’s now try to prove that alternate interior angles
tormed by parallel lines cut by a transversal are congruent. We can use any
pair of alternate interior angles in the diagram, so let’s use angles 3 and 6. A
deductive argument is a series of statements connected with logical reason-
ing. To prove that angle 3 is congruent to angle 6, we need to start with angle
relationships that we already know. Let’s start with angles 2 and 3. What do
you know about angles 2 and 3?

Marrah: They are vertical angles, and we proved that vertical angles are
congruent, so angle 2 is congruent to angle 3.

Teacher: Now let’s move to angles 2 and 6. What do you know about
these angles?

Bob: They are congruent because they are corresponding angles.
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Teacher: You have just proved that angle 3 and angle 6 are congruent. Can
anyone explain why?

Shakira: 1 see it! If both angle 3 and angle 6 are congruent to angle 2,
then they must be congruent to each other.

Teacher: That makes sense, Shakira. You can write that deductive reason-
ing more formally like this:

Z2 = /3 because they are vertical angles.

Z£2= /6 because they are corresponding angles.

If/2= /3 and £2 = /6, then £3 = /6.

Teacher: We have now proved that if lines 2 and 4 are parallel, then the
alternate interior angles formed by the transversal are congruent. So we can
now state the following theorem, knowing we have proved it to be true:
Alternate interior angles theorem: “If two parallel lines are cut by a transver-
sal, then alternate interior angles are congruent.”

Teachers can continue these types of discussions to help students prove
the other angle relationship theorems. Note that once a theorem is proved,
that theorem can be applied to specific situations and used in a logical argu-
ment that proves another theorem. These theorems and deductive arguments
that can be used to prove them are shown in figure 3.7.

Given parallel lines a and b and transversal t:

Alternate exterior angles theorem: If two parallel lines are cut by a transversal, then alternate
exterior angles are congruent.

Z1 = £4 because they are vertical angles.

£8 = /4 because they are corresponding angles.

If £1 =44 and £8 = Z4, then £1 = £8 because they are both congruent to Z4.
Also, £2 = /7 because they are alternate exterior angles.

Same-side interior angles theorem: If two parallel lines are cut by a transversal, then
same-side interior angles are supplementary.

(Continued on next page)

Fig. 3.7. Proving angle relationships when parallel lines are cut by a transversal
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m«£3 = m/£7 because corresponding angles are congruent.

m«5 + m«£7 = 180° because angles 5 and 7 form a straight angle.

m«5 + m£3 = 180° because angles 3 and 7 are congruent, so you can substitute mZ3 for
mZ7.

So angles 5 and 3 are supplementary because the sum of their measures is 180°.
Also, angles 5 and 3 are supplementary because they are same-side interior angles.

Same-side exterior angles theorem: If two parallel lines are cut by a transversal, then
same-side exterior angles are supplementary.

mZ1 = m«5 because corresponding angles are congruent.

m«5 + m«£7 = 180° because angles 5 and 7 form a straight angle.

mZ1 +m«7 = 180° because angles 1 and 5 are congruent, so you can substitute m£1 for
mZ5.

So, angles 1 and 7 are supplementary because the sum of their measures is 180°.
Also, angles 2 and 8 are supplementary because they are same-side exterior angles.

Fig. 3.7. Proving angle relationships when parallel lines are cut by a transversal—Continued

The sum of the measures of the angles of a triangle

Previously students have worked with triangles and examined the properties
of triangles. In grade 8, they learn to use their inductive and deductive rea-
soning skills to conjecture, and then prove, that the sum of the measures of
the angles of a triangle equals 180 degrees. The following classroom discus-
sion illustrates how students can engage in this reasoning.

Teacher: You have explored properties of triangles in earlier grades. Now
let’s see if we can discover some properties of the angles in a triangle. Draw
a triangle on paper. Then rip the paper into three pieces so that there is one
vertex of the triangle on each piece. Place the vertices together so that the
sides touch. What do you notice?

Mia: The angles form a straight angle.

Teacher: That is a good observation, Mia. We know that the measure of a
straight angle is 180 degrees, so the sum of the measures of the angles in this
triangle seem to be 180 degrees. How can we continue to use inductive rea-
soning so that we can make a conjecture?
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Todd: We do this same activity with many different triangles of all differ-
ent sizes and see if it seems true for all the triangles we try. If it does, than we
can conjecture that the sum of the angles in any triangle is 180 degrees.

Teacher: That is a good idea. One way to do that is to look at every tri-
angle drawn in the class. [The teacher gives students some time to look at
one another’s examples.] Notice that the triangles were different shapes and
sizes, and yet the conjecture appears true for all of them. So let’s conjecture
that the sum of the angles in any triangle is 180 degrees. But we really don’t
know if this statement is true or not. Let’s see if we can use the definitions
and properties we already know are true to create a logical argument that will
prove this statement. You already know about some angle relationships that
are formed when parallel lines are cut by a transversal. When you are using
deductive reasoning to prove a conjecture, always start with what you know.
Let’s alter our diagram so that the triangle becomes part of a transversal dia-
gram. In this diagram, 2 and 4 are parallel and # and #, are transversals. The
triangle is marked by the angles 1, 2, and 3.

Teacher: Remember that we want to prove that mZ1 + mZ2 + mZ3 =
180°. Let’s start with angle 3, angle 4 and angle 5. Who can explain what we
know about the sum of the measures of angles 4, 3, and 5?

Students: 180 degrees; they form a straight angle.

Teacher: So, we have something that has a sum of 180 degrees. But it
doesn’t involve all of the angles that we want in our sum, just angle 3. How
might we get angle 1 involved? Does it have any relationship to angle 4 or 5?

Student: Yes; angle 1 and angle 4 are alternate interior angles, so they are
congruent.

Teacher: Yes, we know they are congruent because we made lines 4 and &
parallel. So, we could replace angle 4 in the sum of 180 degrees with angle 1.

Several students at the same time: And we could do the same thing with
angles 2 and 5 for the same reasons.

Teacher: So we can substitute angle 1 for angle 4, and angle 2 for angle 5,
and say that the sum of the measures of angle 1, angle 3, and angle 2 is 180
degrees.

Todd: 1 see it. I think it is easier to understand if I write it this way:

o mZ4+ms3+ms5 =180° because they make a straight angle.
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e mZ1 =mZ4 because they are alternate interior angles formed by par-
allel lines and a transversal.

e mZ2=mZ5 because they are alternate interior angles formed by par-
allel lines and a transversal.

o SomZl+ms3 +ms2 =180° because you can substitute 721 for
mZ4 and m/2 for m/5.

Teacher: That’s logical, Todd. And, it was important for you to include
that the alternate interior angles were congruent because they were formed
by parallel lines. We have proved that the sum of the measures of the angles
of any triangle is 180 degrees, and we can now call that statement a theorem:

the triangle angle-sum theorem.

After students have proved the triangle angle-sum theorem, they can ap-
ply the theorem to find unknown measures of angles, as shown in figure 3.8.
In problems such as these, students use their deductive reasoning and apply it
to a specific, or particular, situation.

Find the measure of angle C.
X+ 28+ 34=180

X +62=180
X+62-62=180-62
x =118

The measure of angle C is 118
degrees.

34°

28° x°

C

Fig. 3.8. Using the triangle angle-sum theorem to find an unknown
angle measure in a triangle

Similar triangles

In grade 7, students learn that similar figures are figures that have the same
shape but not necessarily the same size. They learn that two polygons are
similar if corresponding angles are congruent and corresponding side lengths
are proportional, as illustrated in figure 3.9.

The definition of similar polygons, which applies to triangles, quadrilat-
erals, pentagons, and all other polygons, includes conditions concerning all
sides and all angles of the polygons. But for triangles, not all the conditions
need to be known to conclude similarity. One set of information that is suf-
ficient for concluding that two triangles are similar is to know that all three
pairs of corresponding angles are congruent. The activity described in figure
3.10 can help students use inductive reasoning to conjecture that if the corre-
sponding angles in two triangles are congruent, the triangles are similar.
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Q
B
15 9
10 6
C P 18 R
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Triangle ABC is similar to triangle PQR because:

e Corresponding angles are congruent: ZA >~ /P, /B~ /Q, Z/C >~ /R.

e Corresponding side lengths are proportional: % = g = %

Fig. 3.9. Triangles that satisfy the definition of similar polygons

Step 1: Draw a triangle and use a
protractor to measure the angles.
Remember, if you measure well, the
sum of these measurements should
be very close to 180 degrees.

70° + 82° + 28° = 180°

70°
Step 2: Draw a different-sized
triangle that has as close to the 8
same angle measures as you can
make them.

70°

Step 3: Cut out the smaller triangle
and place it on the larger triangle.
The triangles appear to be the same
shape, or similar.

82°
28°
20
28°
82°
82°
70° 28°

28°

Step 4: Repeat with other triangles
with the same corresponding angle
measures.

Fig. 3.10. An activity that can be used to create the conjecture that triangles whose corresponding
angles are congruent are similar



Focusing on Analyzing Geometric Figures and Space by Using Distance and Angle

As students complete the activity, teachers should encourage them to
look for other properties and patterns. For example, students might realize
during step 2 that when they make two angles of the second triangle congru-
ent to two angles of the first triangle, then the third angle of the second tri-
angle will be automatically congruent to its corresponding angle in the first
triangle because the sum of the measures of the angles in every triangle is 180
degrees. These types of insights will deepen students’ understanding of the
relationships they are exploring. After students have completed the activity
once, they can also explore the result that the corresponding sides of the pairs
of triangles they created are proportional. Then teachers should have students
complete the activity several more times and have students consolidate their
results before making a conjecture about the angles. Once students have used
their observations to make a conjecture, teachers can affirm that it is possible
with additional geometric ideas to deductively prove what students have used
inductive reasoning to conjecture—triangles are similar if their corresponding
angles are congruent.

Students can then use this theorem in conjunction with what they know
about angles and parallel lines to deductively prove other conjectures con-
cerning similar triangles. For example, as illustrated in the following class
discussion, students can prove that if a line is drawn through two sides of a
triangle, parallel to the third side of the triangle, the new triangle formed is
similar to the original triangle.

Teacher: In geometry, mathematicians use axioms and theorems that they
have proved to deductively prove other conjectures. We have learned a lot
about angles in similar triangles and about angle relationships in transversal
diagrams that involve parallel lines. Let’s use these axioms and theorems to
prove another theorem. Start with triangle ABC.

A

B C

Now draw the line that contains side BC of the triangle. Then draw a line
parallel to line BC, intersecting the other two sides of the triangle. Name the
points of intersection £ and D, with E on side 4B.

A

3
E/4 5

D | -
C
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Teacher: Compare the new triangle AED and triangle ABC. What do you
notice?

Marrah: It looks to me that triangle AED is similar to triangle ABC.

Teacher: Interesting observation. If they were similar, what would be true
about their angles?

Marrah: Corresponding angles would be congruent.

Teacher: Actually, Marrah, if we were to draw this figure with different-
sized triangles, we would see the same result. The smaller triangle looks simi-
lar to the original triangle. Can you tell me how we could prove that the tri-
angles are similar?

Bob: 1 think that we can use that theorem we talked about. If you can
show that corresponding angles are congruent, then you know that the trian-
gles are similar.

Teacher: Bob’s statement is correct. If we can show that the new triangle
created, triangle AED, has angles that are congruent to the corresponding
angles in original triangle ABC, then we will have proved that the triangles
are similar. What are the angles in triangle 4BC? [1, 2, and 3] What are the
angles of triangle AED? [3, 4, and 5] What angles do you need to prove are
congruent?

Bjorn: I need to prove that angle 1 is congruent to angle 4 and that angle
2 is congruent to angle 5 because those are corresponding angles. Angle 3 is
in both triangles, so its measure doesn’t change.

Teacher: That’s a good observation. That is actually the reflexive property
of congruence: an angle is congruent to itself. Think about the angle relation-
ships you found in parallel lines cut by a transversal. Does anyone see how to
prove that these angles are congruent?

Bob: 1 do! Look, the diagram is actually a transversal diagram where line
ED is parallel to line BC and side 4B is a transversal. If you look at it that
way, angle 1 and angle 4 are corresponding angles, so we know that they are
congruent.

Marrah: I see it, too. Side AC is also a transversal that cuts the two paral-
lel lines. Angle 2 is congruent to angle 5 for the same reason; they are corre-
sponding angles.

Teacher: Those deductive arguments are logical. And we know that angle
3 is congruent to itself. Who can summarize our reasoning?

Todd: 1 think I can:

o /1= /4 Dbecause they are corresponding angles formed by parallel
lines and a transversal;

e /2= /5 because they are corresponding angles formed by parallel
lines and a transversal;

o /3= /3 because any angle is congruent to itself.

So A4ABC'is similar to AAED because all corresponding angles are congruent.
Students should understand that once they have proved the relation-
ship for a line parallel to one side of the triangle, because the same argument
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would apply no matter which side of the triangle they chose, they can know it
is true for all sides of the triangle, as shown in figure 3.11.

AABC is similar to AEBD AABC is similar to AEDC

Fig. 3.11. Examples showing that a line drawn parallel to any side of a
triangle creates similar triangles

At this grade, students should consider all angles in a triangle to show
similarity. However, as students’ experience with situations involving similar
triangles increases, they may begin to realize that only two pairs of congruent
angles are needed to ensure similarity. In later grades students will encounter
the angle-angle (AA) similarity theorem. The theorem states formally what
students may begin to understand intuitively—that if two angles of one tri-
angle are congruent to two angles of another triangle, then the triangles are
similar.

The Pythagorean theorem and its converse

As students continue to investigate geometric figures and space by using an-
gle and distance, they can begin to develop an appreciation for the special re-
lationship that exists among the lengths of the sides of a right triangle. This
relationship is represented by the Pythagorean theorem, that is, that if 2 and &
are the lengths of the legs of a right triangle and ¢ is the length of the hypot-
enuse, a* + 6> = ¢?, as shown in figure 3.12.

Students’ initial experiences with right triangles and the Pythagorean
theorem should be concrete. For example, students can see the relationship
among the lengths of the sides of the right triangle through activities such as
the one illustrated in figure 3.13.

Students can repeat this activity using other squares with whole-number
lengths, for example 6, 8, and 10; and 5, 12, and 13. Although this activity
is most meaningful if completed with whole-number side lengths, it allows
students to use their previous knowledge about triangles, squares, and area to
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Pythagorean Theorem
In a right triangle, the sum of the squares of the lengths of the legs is
equal to the square of the length of the hypotenuse.

Area
of this
square

hypotenuse .
is c2.

leg Area

'/c of this c c

a
. square

is a°. -
/ b a b
Area
of this
square
is b2.

leg

a® +b? = c?

Fig. 3.12. A geometric representation of the Pythagorean theorem

understand the new concept of the Pythagorean theorem. Through it, stu-
dents can conjecture that when the lengths of the sides of the squares form a
right triangle, the sum of the areas of the smaller cut-out squares is equal to
the area of the larger square.

It is beneficial for students to explore the relationships presented in the
Pythagorean theorem in a variety of ways. Although the activity shown in fig-
ure 3.13 is illustrative when the lengths of the sides are whole numbers, other
activities result in representations that can be constructed using right triangles
with any side lengths, including fractional side lengths. In these activities, the
emphasis is on the relationships among the side lengths, not the measure-
ments themselves; in fact, the side lengths remain unknown.

Reflect As You Read

Why is it important for students to be able to think about geometric relationships
without specific numerical values attached? How can this ability relate to preparation
for algebra?
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Activity

Step 1: On grid paper, draw a right triangle with
legs 3 units and 4 units. Measure the hypotenuse
to confirm that it is 5 units long.

Step 2: Draw squares such that a side of each
square is a side of the triangle and the interiors of
the squares are in the exterior of the triangle.

Step 3: Find the area of each square. Label the
area of the squares, that is, a°> = 9, b? = 16, ¢ = 25.

Step 4: Make a conjecture about the relationship
between c? and the sum of a®> and b?.

In this right triangle

a?=32=9
b?=42=16
c? = 52 = 25; and
324 42 = 52 ¢
9+16=25
25=25
So it looks like for this right triangle, a2 + b? = ¢2. =9 |a c
— b
b%>=16

Fig. 3.13. Activity illustrating the Pythagorean theorem

Activities such as the one shown in figure 3.14 allow students to connect
a visual, geometric representation of the Pythagorean theorem with an alge-
braic representation.
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Activity:

Step 1: Cut out four copies of the same right triangle. Identify the leg lengths as a and b and the
hypotenuse length as c.

Step 2: Position the triangles to form a square with side length a + b and an inside hole with
side length c.

b a
[T L]
. b
large square with | c
side lengtha + b
a c
square hole with >
side length ¢ ¢ a
b c
1 []
a b
Step 3: Reason as follows: ab

* Each of the four triangles has an area of 5.

* The hole is a square, since the angles have to be right angles because the other two
angles are the acute angles in a right triangle and add to 90 degrees. The area of the

square hole is c?.

e The area of the large square with side length a + b is (a + b)?, and its area is the sum of
the areas of the hole and the four triangles.

So (a+b)2=02+4°€‘2—b.

(Continued on next page)

Fig. 3.14. Linking a geometric representation with an algebraic representation to validate
the Pythagorean theorem
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Step 4: Use the distributive property to simplify the equation, and then use properties of
equality to rewrite it in terms of ¢2.

(a+b)2=cz+4-a2—b

a’ +2ab+b2=02+4'az—b

a® +2ab + b?> =c? + 2ab
a® +2ab—2ab+ b? =c?® +2ab - 2ab

a® +b®=c?

So ¢® = b® + a° for each of the four cut-out right triangles.

Fig. 3.14. Linking a geometric representation with an algebraic representation to validate
the Pythagorean theorem—Continued

Once students have demonstrated the validity of the Pythagorean theo-
rem and understand the relationship among the sides of a right triangle, stu-
dents can apply the Pythagorean theorem to find a missing side length of a
right triangle when given the other two side lengths, as shown in figure 3.15.

Problem 1:
Find the length of the hypotenuse given the length of the two legs of a right triangle.

12
a’ +b*=c? <+ Write the Pythagorean equation.

5% +12° =¢® < Substitute for a and b.

254+144=c* <« Simplify powers.
169 = ¢® <+ Add.
169 =c <+ Take the positive square root of each side.

183=c <+ Simplify the square root.
The hypotenuse is 13 units long.

Problem 2:
Find the length of a leg given the length of the hypotenuse and the other leg.
(Continued on next page)

Fig. 3.15. Applying the Pythagorean theorem
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14

a’ +b*>=c® <+ Write the Pythagorean equation.
a® +8°=14*> « Substitute for b and c.
a® +64=196 <« Simplify powers.
a® =132 < Subtract 64 from both sides.
a=+/132 <« Take the positive square root of each side.
a=11.49 <+ As students will learn later, the square root of 132 is not a rational

number. There is no exact decimal for the irrational number +132,
so write an approximate value.

Fig. 3.15. Applying the Pythagorean theorem—Continued

In grade 8, students will encounter square roots in meaningful contexts,
such as when applying the Pythagorean theorem. They will begin to extend
their understanding of number as they learn about rational and irrational
numbers and that the positive square roots of some numbers are irrational.
More about irrational numbers is found in the Connections section later in
this chapter.

The converse of the Pythagorean theorem states that if the square of the
length of the longest side of a triangle is equal to the sum of the squares of
the lengths of the other two sides, then the triangle is a right triangle. Once
students understand that the relationship represented by the Pythagorean
equation exists for all right triangles, they are ready to use the converse of
the Pythagorean theorem to prove that a triangle is or is not a right triangle.
Students can revisit activities such as the one found in figure 3.13 and use
them as an inductive look at the converse of the Pythagorean theorem, as

shown in figure 3.16.

Activity

Step 1: Cut out squares with side lengths 3, 4, and
5 from grid paper. Note that the sum of the areas of
the two smaller squares is equal to the area of the
largest square.

(Continued on next page)

Fig. 3.16. Activity illustrating the converse of the Pythagorean theorem
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Step 2: Position the squares as shown to form a
triangle with side lengths 3, 4, and 5. Note that
there is only one triangle that can be created with
these three lengths.

Step 3: Make a conjecture about what kind of
triangle these lengths seem to form.

We know that—

a® +b*=c*
3% 442 =5°
9+16=25
25=25
3 5
And it looks like the triangle formed is a right 4

triangle.

Fig. 3.16. Activity illustrating the converse of the Pythagorean theorem—Continued

Although this activity is most meaningful only if completed with whole-
number side lengths, it allows students to use their previous knowledge to
understand the new concept of the converse of the Pythagorean theorem.
Through it, students can observe and verify that when the sum of the areas
of the smaller cut-out squares is equal to the area of the larger square, the
lengths of the sides of the squares form a right triangle.

Once students understand the converse of the Pythagorean theorem, they
can use it to solve problems. Examples of how students can use the converse
of the Pythagorean theorem are shown in figure 3.17.

Example 1: |s triangle ABC a right triangle? A
Itis if 4° + 5° is equal to 6°. 6
42 +52=16+25=41 4
6° =36
41= 36 C 5 B

Since 4% + 5% is not equal to 67, the triangle ABC is not a right triangle.

(Continued on next page)

Fig. 3.17. Applying the converse of the Pythagorean theorem
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Itis if 2.5

Example 2: |s triangle PQR a right triangle?

+ 6% is equal to 6.5°.

2.5° +6°=6.25+36=42.25 P Q
6.5° = 42.25
42.25 = 42.25
Since 2.5 + 67 is equal to 6.5, the triangle PQR is a right triangle.

2.5
6.5

Fig. 3.17. Applying the converse of the Pythagorean theorem—Continued

As students explore the Pythagorean theorem and its converse, it is ben-
eficial for them to learn about Pythagorean triples. A Pythagorean triple is
a set of three whole numbers that can be lengths of sides of a right triangle.
Students can verify that a set of three numbers is a Pythagorean triple by using
the equation @ + #* = . If the numbers satisfy this equation, the numbers form
a Pythagorean triple and can be the lengths of the sides of a right triangle with
¢ the length of the hypotenuse. Examples of Pythagorean triples and triples that

are not Pythagorean triples are shown with verification in figure 3.18.

a=3,b=4,c=5

Does a° + b®> = c®?

32+42=9+16=25

52 =25

So 3, 4, 5 is a Pythagorean
triple.

a=8b=11,c=13 a=5>b=12,c=13

Does a2 + b? = ¢?? Does a° + b? = c®?

82 +112=64 + 121 =185 52 + 122 =25 + 144 = 169

13% = 169 132 = 169

So 8, 11, 13 is not a Pythagorean triple. So 5, 12, 13 is a Pythagorean
triple.

Fig. 3.18. Verifying Pythagorean triples

Students learn that if they know a Pythagorean triple, they can gener-
ate more Pythagorean triples by using multiples of the numbers in the known
triple, as shown in figure 3.19.

Students should realize that the columns in figure 3.19 continue without
end. Students can verify that the triangles with these sides are also right tri-
angles by using the converse of the Pythagorean theorem, as shown in figure
3.17. Students will benefit by learning some of the common Pythagorean tri-
ples; they will find it useful to know some of them as they explore right-trian-
gle relationships in grade 8 and in later grades. Several of the most common
Pythagorean triples are the following:

3,45 512,13 7,24,25 8,15,17 9,40,41 11,60,61
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Multiples of 3, 4, 5 Multiples of 5, 12, 13 Multiples of 8, 15, 17
Multiply by 1: 3,4,5 5,12,13 8,15, 17
Multiply by 2: 6, 8,10 10, 24, 26 16, 30, 34
Multiply by 3: 9,12, 15 15, 36, 39 24, 45, 51
Multiply by 4: 12, 16, 20 20, 48, 52 32, 60, 68

Fig. 3.19. Generating Pythagorean triples

Focusing on analyzing geometric
figures and space through problem
solving

In grade 8, problem-solving experiences should include rich problems that
require students to bring together different concepts, such as measurement,
similarity, ratio and proportion, area and volume, angle relationships, and the
Pythagorean theorem. Computation with rational numbers should also be in-
cluded. Problems such as the ones shown in figure 3.20 allow students to ap-

ply a variety of their developing skills.

Problem 1: Tree Shadow Problem
At a certain time of day, a person 5 feet tall casts a shadow 8 feet long. At the same time, a tree
casts a shadow 20 feet long. What is the height of the tree?

Solution:

The triangles formed are similar because their corresponding angles are congruent. So the ratios of
their corresponding parts are equal.

S_h
8 20
8h =5 x 20
8h =100
8h _ 100
8 81 h
h=12—

2

5 ft
;i Q ]
\
8 ft

1 20 ft
The treeis 12 = feet tall.

(Continued on next page)

Fig. 3.20. Problems requiring the synthesis of several mathematical concepts
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Required ideas: Synthesis of geometric models, measurement concepts, similarity, ratio and
proportion, and computation with rational numbers

Problem 2: Ridge Highway Problem

A plot of land in the shape of a right triangle is bounded on two sides by Ridge Highway and Route
16, as shown in the diagram. The third boundary is the line segment AB. Find the perimeter and
area of the plot of land.

Solution: A
Let x represent the distance AB.
_ North
12 +X2 =1452 145m|
1+ x% =2.1025
x? =1.1025
Ridge Highwa
x = 1.1025 ge Tghway
x =1.05

Rte 16
Perimeter=1.05+1 +1.45=3.5

Area = %(1)(1 05)= 0525
The perimeter is 3.5 miles, and the area is 0.525 square mile.

Required ideas: Synthesis of geometric models, measurement concepts, the Pythagorean theo-
rem, perimeter, area, and computation with rational numbers

Problem 3: Office Construction Problem

The diagram represents an office space under construction. The office is supposed to be in the
shape of a rectangular prism 32 feet long, 24 feet wide, and 9 feet high. A foreman is measuring
distances to check that all angles formed by the edges are right angles. What should be the
diagonal distance d, across the floor and the space diagonal distance d,, from floor to ceiling if all
angles formed by the edges are right angles?

9 ft

....................................

24 ft

32 ft
Solution:
Step 1: The diagonal across the floor should be the hypotenuse of a right triangle whose leg

lengths are 32 feet and 24 feet.
(Continued on next page)

Fig. 3.20. Problems requiring the synthesis of several mathematical concepts
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1
1024 + 576 = (d,)
1600 = (d,)’
J1600 = 4,
40 = d,

Step 2: The diagonal from the opposite corner of the floor to ceiling (a space diagonal of the prism)
should be the hypotenuse of a right triangle whose leg lengths are 40 feet and 9 feet.

402 + 92 = (d, )’
1600 + 81=(d,)’
(

1681=(d, )’
J1681=d,
M=d

The diagonal distance d, across the floor should be 40 feet, and the space diagonal distance d,
from floor to ceiling should be 41 feet.

Required ideas: Synthesis of three-dimensional geometric models, measurement concepts, the
Pythagorean theorem, properties of a polyhedron, and computation with rational numbers

Problem 4: Landscape Problem

A landscape architect is working on a design for triangular lot PQR that has side lengths 50 meters,
40 meters, and 32.2 meters. He is planning a straight path from point A to point B, parallel to the
40-meter side. Point B is 12 meters from point R. He needs to know the angle measures labeled x
degrees and y degrees and the length of the path AB. What are the values of x and y? What is the
length of the path AB? Explain your reasoning.

| 50 m !
(Continued on next page)

Fig. 3.20. Problems requiring the synthesis of several mathematical concepts
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Solution:
The angle labeled x degrees and the 40-degree angle are corresponding angles AB 38
formed by parallel lines and a transversal, so they are congruent. The angle 20 50
labeled y degrees and the 40 degree angle are same-side interior angles formed 50AB = 40 * 38
by parallel lines and a transversal, so they are supplementary; so x = 40, y = 140. -

_ 50AB = 1520
Triangles PQR and PAB are similar because AB is parallel to QR, so the sides are 50AB 1520
proportional. 50 = 50
The length of path AB is 30.4 meters. AB =30.4

Required ideas: Synthesis of geometric models, measurement concepts,
similarity, ratio and proportion, angle relationships, and computation with
rational numbers

Fig. 3.20. Problems requiring the synthesis of several mathematical concepts—Continued

Teachers can alter problems such as the ones in figure 3.20 to include a
variety of rational numbers, including decimal and fractional values. It is ben-
eficial for students to use technology as they learn to solve such problems, so
that the focus remains on how to solve the problems rather than on the more
complicated computation.

Teachers should also present students with opportunities to explore a va-
riety of mathematical relationships that exist in more complex figures such as
the one in figure 3.21. This figure is a diagram of a composite three-dimen-
sional figure consisting of a rectangular prism topped by a triangular prism.
The triangle in the diagram is isosceles. The figure represents a scale model of
a building with a scale of 1 inch : 20 inches.

4.8 in.

' " \ 6 in.

24 in.
18 in.

Fig. 3.21. Composite three-dimensional figure representing the
scale model of a building

A variety of questions can be asked about this figure, for example:
a.  What are the actual dimensions of the building in feet?

b. The four walls and two triangular surfaces will be painted on the ex-
terior. What is the area that will be painted?

c. The roof, consisting of two congruent rectangles, one of which is
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shown (shaded), will be covered with shingles. What is the actual
roof area that will be shingled?

d. What is the total volume of the building?

To solve problems such as these, students need to apply their understand-
ings of measurement, similarity, ratio and proportion, area and volume, the
Pythagorean theorem, computation with rational numbers, and characteristics
of polyhedra. Solutions to some of these problems are shown in figure 3.22.

4.8 in.

Scaleis 1in.:20in.

\ 6 in.

24 in.

18 in.
Problem:
What are the actual dimensions of the building in feet?

Solution:

20 x 4.8 =96 and 96 + 12 = 8, so the triangular surface is 8 feet high.
20 x 18 = 360 and 360 + 12 = 30, so the building is 30 feet wide.

20 x 24 = 480 and 480 + 12 = 40, so the building is 40 feet long.

20 x 6 =120 and 120 + 12 = 10, so the walls are 10 feet high.

Problem:

The roof, consisting of two congruent rectangles, one of which is shown
(shaded), will be covered with shingles. What is the actual roof area that
will be shingled?

Solution:
To find the area of a rectangular roof surface, first find the length of the
hypotenuse of the right triangle whose leg lengths are 8 feet and 15 feet.

8% +15% = x?
64 + 225 = x? X
289 = x° 8 ft
V289 = x
17=x 15 ft 15 ft

Each rectangular roof surface is a rectangle 17 feet by 40 feet.
Area of two rectangular roof surfaces: 2 x 17 x 40 = 1,360
The roof area to be shingled is 1,360 square feet.

Fig. 3.22. Solutions to problems associated with a complex
three-dimensional figure
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Focusing on Figures and Space through
Connections

As students analyze two- and three-dimensional space and figures by using dis-
tance and angle, their understanding can deepen when they make connections
to other mathematical concepts. Teachers should point out connections to such
concepts as coordinate geometry, trigonometric ratios, special right triangles,
square roots and irrational numbers, and angle relationships in polygons.

In the study of analyzing two-dimensional figures by using distance and
angle, students will encounter geometric figures in the coordinate plane. They
will analyze the vertices of these figures and the length of their sides, as well
as the effects of transforming them. Students will learn that transformations
such as reflections, translations, and rotations of geometric figures in the co-
ordinate plane result in patterns and relationships between the vertices of the
figure and the vertices of the transformed figure. Some of these relationships
are illustrated in figure 3.23.

y
1. Reflection over the x-axis 5
To reflect a point across the x-axis, ,
multiply its y-coordinate by —1. . cl 6.3)
The reflection image of (x, y) is (x,— ). 5 1)
. A 6,]1)
Original point Image point ' B
A(21) A'(2,-1) - x
, -2 -2 1 2 3 4 5 ¢ g
B(6,1) B'(6,-1) 1 &« o
C(5.3) Cc’'(2,-1) o f2.4)
3 (65 _1)
4 (5,1=3)
-5
y
2. Reflection over the y-axis 8
To reflect a point across the y-axis, .
multiply its x-coordinate by —1. !
=5, 5 =45 (2,5) (5/5)
The reflection image of (x, y) is (—x, y). R Q. g R
Original point Image point 4
P(2,1) P'(—2,1) 3
Q(2,5) Q’'(—2,5) S 2 S
R(5,5) R’(-5,5) Ceol oyl | L1062
S(5,2) S'(-5,2) (2,1 2] .
-6 5 -4 -8 -2 -1 1 2 3 4 5 ¢
2
(Continued on next page)

Fig. 3.23. Examples showing the relationships between original points and images of certain

transformations in the coordinate plane
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y
3. Translation 6
The image of (x, y) after a translation 4 units SIPNIPY
leftand 2 units up is (x — 4,y +2). " -
G W P
Original point Image point N / E F
D(S’_S) DI(_1 3 -1 ) 1/ /
E(3, 2) E'(-1, 4) — 3 — e
F(5, 2) FI(1,4) -D > K /4 5
L2
Gl
e}
D
B (3,=3
y
4. Rotation 90 degrees clockwise about the
origin al,9) g, 5)

To rotate a point 90 degrees clockwise about the

origin, interchange the coordinates and then

multiply the new second coordinate by —1. Cec}“’
Rotation

The rotation image of (x, y) is (y, —x)

Original point Image point 5 1 1 2 3 4 5 ¢
P(2, 1) P’(1, — 2) 9' A 1.]-2) q
a(25) Q'(5,~2) - &1
R(5,5) R’(5,-5) T\
4
5(5.2) S'(2-5) @by (5, 15)
; S R
y
5. Rotation 90 degrees counterclockwise 6
about the origin U (4, 5) a
To rotate a point 90 degrees counterclockwise - UG, 4
about the origin, interchange the coordinates and then 4 / :
multiply the new first coordinate by —1. 3 =
The rotation image of (x, y) is (—y, X) 2 2
"T’ Center
Original point Image point ST — of
T('I ,2) T'(—2, 1) -2 1) ’// Rotation x
— - —_ —_ -] - 2 a3 g
U(5,4) U'(~4,5) 6 -5 -4 -3 -2 1 1 2 3 4 § ¢
2

(Continued on next page)

Fig. 3.23. Examples showing the relationships between original points and images of certain
transformations in the coordinate plane
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y
6. Rotation 180 degrees about the origin 6
To rotate a point 180 degrees about the c
origin, multiply both coordinates by —1. (13, A K _Z
The rotation image of (x, ) is (—=x, —y) /:Ar ”'(c, 3
(n 2 Cgnter |
Original point Image point 4.2 4 L | of
J(O, 3) J’(O, _3) ! ‘,/ ’ Rotation X
K(—3,4) K'(S,—4) -6 -b-4 -3 2 - 1 1 2 3 z/(; ;)
!/ N _ T 4
L(—4,2) L'(4,-2) 2P
_ ;, ~
5 K (B, 4)

Fig. 3.23. Examples showing the relationships between original points and images of certain
transformations in the coordinate plane—Continued

In students’ work with analyzing plane figures by using length and angle,
they can make a connection to the distance formula. Students learn that the
distance formula allows them to find the distance between any two points on
the coordinate plane. The distance formula is based on the Pythagorean theo-
rem, as shown in figure 3.24.

The distance AB, also labeled c, is the length of
the hypotenuse of right triangle ABC.

The lengths of the legs of the triangle are B(x., y.)
a=x, —x, and b=y, — y,. By the Pythagorean
theorem, ¢® = a® 4 b®. An expression for ¢ can b

be found as follows: /

02232+b2 A(X1! y1) i C(X y)
2 2 2 7 V4
c :(Xz_x1) +(y2_Y1)

2 2
o =(x: = x) +(v. - )

Substitute AB for ¢ to obtain the formula for the
distance between points A and B.

AB = \/(Xz _X1)2 +(y2 - y1)2

Fig. 3.24. Using the Pythagorean theorem to write the distance formula

Students can learn to apply the distance formula as shown in figure 3.25.
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y y
10
Tz
1 Xl(-5,13)
(7.-8) \\ 5
(] //O N i
61 | - 8 | & N J 618
.
/4 \\\
7 A A\
& N
£ =l M\ n
AT, 9) [
p X _a yay -
8|64 -2 . 4 | @ & © 1)
5 | 4
=2 T

AB

\/(XZ_X1)2 +(y2_y1)2 XY \/(Xg—X1 2+(y2—y1)2
7= (-5)F +(8-3y J4=-(-5)F +(~7-3p
=144 +25 — B1+100

16 181
3 13.45

©

Q

1
—

Fig. 3.25. Examples using the distance formula

During their work with the Pythagorean theorem and the distance for-
mula, students begin to encounter square roots and irrational numbers. In
grade 7, students encountered irrational numbers in a limited way, for exam-
ple, when they used 7 in their work with circles. In grade 8, students expand
on this basic understanding as they learn that irrational numbers are numbers
that cannot be represented in the form 4/4, where @ and & are integers and
& # 0; therefore an irrational number does not have a repeating or terminating
decimal representation. Students learn that some irrational numbers are rep-
resented by special symbols such as 7 or/2 (read te square root of two). They
expand their understanding of number as they learn how irrational numbers
are related to the numbers in other number systems about which they have
previously learned, and about their relationship to the set of the real numbers,
as illustrated in figure 3.26.

As students encounter square roots in their work with the Pythagorean
theorem and the distance formula, they learn that the positive square roots
of some numbers are irrational numbers. For example, in figure 3.25, the dis-
tance between X and Yis+/181. When they calculate the square root of 181,
for example by using a calculator or a square root table, they should be made
aware that ﬁé is an irrational number; that is, it cannot be expressed as a
terminating or repeating decimal, even though it may appear that way on the
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calculator or in the table. Students learn that they can leave an irrational an-
swer such as this one as a square root, that is, \/1_2% , or they can write the val-
ue of the square root as a fraction or decimal as an approximation to a certain
degree of accuracy, that is, J181 a2 13.45.

R: Real Numbers
4 N
Q: Rational numbers Irrational numbers
Z: Integers
CW: Whole numbers)
\_ /)

Fig. 3.26. Diagram that illustrates the relationships among real num-
bers, rational numbers, and irrational numbers

In grade 8, students are given the opportunity to glimpse into more so-
phisticated mathematics topics such as trigonometry. Students learn that
trigonometry is based largely on right triangles. Every right triangle has two
acute angles, and associated with each acute angle are six ratios that are made
up of the lengths of sides of the triangle. These trigonometric ratios are called
sine, cosine, tangent, cotangent, secant, and cosecant. The first three—sine,
cosine, and tangent (abbreviated sin, cos, and tan)—are the most commonly
used. The definitions of the sine, cosine, and tangent ratios are given in figure
3.27, using angle A of the right triangle.

c is the B
. . hypotenuse.
Sin A= side opposite ZA _ a
hypotenuse c c a is the side
side adjacentto ZA b a8 opposite
cos A= =— angle A
hypotenuse c :
tan A — §|de opposﬂe ZA _a b C
side adjacentto ZA b
b is the side
adjacent to
angle A.

Fig. 3.27. Definitions of three trigonometric ratios




Focusing on Analyzing Geometric Figures and Space by Using Distance and Angle

Figure 3.28 shows the sine, cosine, and tangent ratios for the acute angles
in a 3-4-5 right triangle.

] . B
SinA— opposite _ 3 sinB = opposite _ 4
hypotenuse 5 hypotenuse 5 5
cos A— adjacent _ 4 cos B — adjacent _ 3 3
hypotenuse 5 hypotenuse 5
tan A — opposﬂe _ 3 tan B = opposﬂe _ 4 A c
adjacent 4 adjacent 3 4

Fig. 3.28. Trigonometric ratios for the acute angles in a 3-4-5 triangle

Similarity plays a key role in trigonometric ratios. Recall that an angle is
the union of two rays. Figure 3.29 shows angle A as the union of the two rays
AP and AQ. Also shown are line segments from AP perpendicular to 4Q.
Because those line segments are perpendicular to the same ray, they are all
parallel to each other. Therefore, all the right triangles formed are simi-
lar. Notice that the sine ratios for angle 4, using the similar triangles, are all
equivalent. The same is true for the cosine and tangent ratios.

s

SIr'lA=§=£=3 15
5 10 15 9
cosA=i—£=E 10
5 10 15 6
tanA=§=§=i 5
4 8 12 3
4 Q
8 |

Fig. 3.29. Example showing that similar right triangles yield equivalent
trigonometric ratios

Students will learn in later grades how to find an angle measure, given
a trigonometric ratio for that angle. For example, using a trig table or a cal-
culator, they will find that the acute angle whose sine is 3/5 is approximately
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36.87 degrees. So the measure of angle 4 in figure 3.29 is approximately 36.87
degrees.

Students further connect their understanding of triangles and the
Pythagorean theorem as they learn about special triangles—the 45°-45°-90°
triangle and the 30°-60°-90° triangle. One reason these triangles are consid-
ered special is that each type is “half” of a familiar polygon; a 45°-45°-90° tri-
angle is “half” of a square and a 30°-60°-90° triangle is “half” of an equilateral
triangle.

Students can use the relationship of these triangles to their correspond-
ing familiar polygon to learn more about their properties. For example, the
diagonal of any square is the hypotenuse of a 45°-45°-90° triangle, as illus-
trated in figure 3.30 for a square whose sides are 1 unit long. According to
the Pythagorean theorem, the diagonal 4 of the square has length 2 units
as shown. So if the legs of a 45°-45"-90° triangle have length 1 unit, then the
length of the hypotenuse is \/5 units, or about 1.414 units.

n Use the Pythagorean
45° theorem to find d. .
d J2 45
1 d?=124+1? 1
d?=1+1
45° N d?=2 45° n
1 d=+2 1
Fig. 3.30. Using a square to form a 45°-45°-90° triangle
All 45°-45°-90° triangles are similar because they have the same angle
measures, thus the lengths of their corresponding sides are proportional, as
shown in figure 3.31.
The triangles are similar.
45° Their corresponding sides
are proportional.
32 . 1_1_2
3 3 32
V2 /50| 1
45° . 45 .
1 3

Fig. 3.31. All 45°-45°-90° triangles are similar.
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The side lengths of the small triangle in figure 3.31 are 1, 1, and J2.
The side lengths of the large triangle are 3, 3, and 3\/5 . In general, the side
lengths of any 45°-45°-90° triangle are 4, 4, and a\J2, where a is the length of
each congruent leg and a2 is the length of the hypotenuse.

Students can also learn about the 30°-60°-90° triangle by looking at its
corresponding equilateral triangle. As illustrated in figure 3.32, an altitude (a
line drawn from one vertex perpendicular to the opposite side) in an equilat-
eral triangle forms two congruent triangles, each with angle measures 30 de-
grees, 60 degrees, and 90 degrees. Students can use the Pythagorean theorem
to find that if the sides of an equilateral triangle are 2 units long, then the
altitude 4 has length /3 units. So if the legs of a 30°-60°-90° triangle have
lengths 1 unit and V3, or about 1.732, units, then the length of the hypot-

enuse 1s 2 units.

Use the Pythagorean
theorem to find h.
30° | 30° 30°
2 h 2 12+ h2 =22 2 J3
1+ h®=4
60° 60° LI 60°
] h=+3 22 [
, 1 1 , 1
V
2

Fig. 3.32. Using an equilateral triangle to form a 30°-60°-90° triangle

All 30°-60°-90° triangles are similar because they have the same angle
measures; thus the lengths of the corresponding sides of any two 30°-60°-90°
triangles are proportional, as in the example in figure 3.33.

The triangles are similar.
Their corresponding sides
are proportional.
30°
23 1.2_48
y 2 4 23
5 30 J3
60° [ 60° ]
1 2

Fig. 3.33. All 30°-60°-90° triangles are similar.
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The side lengths of the small triangle in figure 3.33 are 1, J3, and 2.
The side lengths of the large triangle are 2, 2+/3, and 4. In general, the side
lengths of any 30°-60°-90° triangle are a4, a3, and 24, where a is the length
of the short leg, 4+/3 is the length of the long leg, and 24 is the length of the
hypotenuse.

Because all 45°-45°-90° triangles are similar, any 45°-45"-90° triangle can
be used to write trigonometric ratios for 45 degrees. And because all 30°-60°-
90° triangles are similar, any 30°-60°-90° triangle can be used to write trigo-
nometric ratios for 30 degrees and 60 degrees. Figure 3.34 shows the sine,
cosine, and tangent ratios for 45 degrees, 30 degrees, and 60 degrees.

sin 45° =

cos 45° =

tan 45° =

hypotenuse ﬁ

opposite _ 1
adjacent 1

Trigonometric Ratios for 45°, 30°, and 60°

. 30°
L J3

_ 1 gnap—_opposite 1 o opposite _ V3
hypotenuse 2 hypotenuse 2
_1 cos 30° = adjacent _ ﬁ cos 60° = adjacent _ 1
hypotenuse /2 hypotenuse 2 hypotenuse 2
=1 tan30°=m=i tangoozmz_f”:\@
adjacent /3 adjacent 1

Fig. 3.34. Trigonometric ratios for the acute angles in special right triangles

Students will also learn to connect their understanding of the proper-
ties of triangles, including the sum of the measures of a triangle, to explore
the properties of other polygons. Students discover that diagonals can be
drawn to decompose polygons into triangles. This allows students to develop
a deeper understanding of the properties of the polygons. For example, if stu-
dents know that the sum of the measures of the angles in a triangle is 180 de-
grees, and that another polygon can be decomposed into four triangles, they
can reason that if they multiply the number of triangles, four, by 180, they
will find the sum of the measures of the angles in that polygon. Furthermore,
through carefully crafted experiences with triangles formed by vertices of the
polygon, students can observe that the interior of a polygon can be separated
into two fewer triangles than its number of sides; thus, a quadrilateral is com-
posed of 4 — 2 = 2 triangles, a pentagon is composed of 5 — 2 = 3 triangles, a
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hexagon is composed of 6 — 2 = 4 triangles, and so on. Students learn to con-
nect these patterns with the algebraic representations that they have learned
to write this relationship algebraically as “the sum of the angles in a polygon
with 7 sides = (7 — 2)180.” Students then can use this expression to find the
sum of the measures of the angles in any polygon, as shown in figure 3.35.

A quadrilateral has four sides and can be de-
composed into two triangles.

1 triangle

1 triangle

A pentagon has five sides and can be decom-
posed into three triangles.

An octagon has eight sides and can be de-
composed into six triangles.

1triangle .-~
1triang|e_‘_,,—"

1 triangle

S --.___ ltriangle
ki nole
4 Y
Number of sides in the Sum of the angle measures

polygon for the polygon

3 1.180°

4 2 «180°

5 3+ 180°

6 4 «180°

14 12+ 180°

n (n—2) » 180°

n sides is (n — 2) » 180°.

The sum of the angle measures of a polygon with

Fig. 3.35. Sum of the measures of the angles of a polygon
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Students can apply these understandings to solve problems involving
polygons and discover other angle properties and relationships in polygons.
Some of these problems and properties are summarized in figure 3.36.

Problem: Find the missing angle measure in the polygon.

Solution: The polygon has five sides, so n = 5.

(n—2)#180° = (5 — 2) +180° = 3 #180° = 540°

The sum of the angle measures is 540 degrees. X +120 +100 + 95 + 90 = 540
X + 405 =540
x=135

The missing angle measure is 135 degrees.

Problem: Find the measure of each angle in a regular hexagon.

Property: If the sum of the measures of the angles in a polygon is (n — 2)180, and in
a regular polygon the angles all have the same measure, then if you divide the sum
of the angle measures by the number of angles, you will find the measure of each
angle. So the measure of each of the angles in a regular polygon is

(n—2)180
p .
Solution: For example, a regular hexagon has six angles, so n = 6.

(n—2)180 _(6-2)180 _ 4(180) _ 720
n 6 6 6

=120

The measure of each angle of a regular hexagon is 120 degrees.

Problem: Find the measure of each central angle of a regular hexagon.
A

Property: The center of a regular polygon is the point inside the polygon that is ‘
equidistant from all the vertices. The center of this hexagon is P. A central angle is a B
an angle whose vertex is the center and whose sides contain two consecutive

vertices. Angle APB is a central angle. A regular polygon with n sides has n central A
angles whose sum is 360 degrees. These angles are all congruent, so the measure

of the central angle of a regular polygon is

360°
—
Solution: For a regular hexagon, the measure of each central angle is

360°
6

=60°.

Fig. 3.36. Problems students can solve about the angles in polygons
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Students can also apply their understanding of angles to discover prop-
erties of the exterior angles in a polygon. An exterior angle of a polygon is
formed by extending a side, such as this:

At each vertex of a polygon there are two exterior angles and, since they are
vertical angles, they are congruent.

Through activities such as the one shown in figure 3.37, students learn that
the sum of one of each of the exterior angles at each vertex of a polygon is
360 degrees and that an exterior angle and its adjacent interior angle are
supplementary.

What is the sum of the measures of the exterior angles of any polygon, one at each vertex?

Step 1: Draw a polygon with Step 2: Trace each exterior Step 3: Fit the cut-out angles
an exterior angle at each angle on a separate sheet of together so that they do not
vertex. paper and cut them out. overlap and all the vertices are
at the same point.

The sum of the measures of the exterior angles of any polygon, one at each
vertex, is 360 degrees.

Fig. 3.37. Activity exploring the exterior angles of a polygon
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Connections in later grades

In grade 8, students are laying the foundation for many of the more sophis-
ticated concepts they will learn in later grades. For example, students’ work
with congruence and similarity will be applied when students learn about the
various combinations of conditions that ensure congruent and similar trian-
gles, such as the postulates and theorems shown in figures 3.38 and 3.39.

Note that although the first four of these statements about congruent tri-
angles are presented as postulates, there is a theorem that says the four state-
ments are equivalent, so there is really only one assumption that can appear in
four different settings.

Side-Angle-Side Postulate for Congruent Triangles A D
If two sides and the included angle of one triangle are
congruent to two sides and the included angle of

another triangle, then the triangles are congruent. B £
AABC= ADEF.
C F
Side-Side-Side Postulate for Congruent Triangles A D

If three sides of one triangle are congruent to three

sides of another triangle, then the triangles are

congruent. B E
AABC= ADEF.

Angle-Side-Angle Postulate for Congruent Triangles A D
If two angles and the included side of one triangle are
congruent to two angles and the included side of
another triangle, then the triangles are congruent.

AABC= ADEF.

C F

(Continued on next page)

Fig. 3.38. Triangle congruence postulate and theorems
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Angle-Angle-Side Postulate for Congruent Triangles A D

If two angles and a nonincluded side of one triangle are

congruent to two angles and a nonincluded side of

another triangle, then the triangles are congruent. B E

AABC= ADEF.

Hypotenuse-Leg Theorem of Congruent Triangles
If the hypotenuse and a leg of one right triangle are
congruent to the hypotenuse and a leg of another right
triangle, then the triangles are congruent.

AABC= ADEF.

Fig. 3.38. Triangle congruence postulate and theorems—Continued

Students learn that since two polygons are similar if and only if all their
corresponding pairs of angles are congruent and all their corresponding pairs
of side lengths are proportional, then to maintain the system of Euclidean
geometry, the postulate that states that similar triangles can be determined
if the three pairs of corresponding angles are congruent, that is, the propor-
tionality of the sides does not have to also be known, is accepted as true. This
postulate, the angle-angle-angle postulate for similar triangles, provides the
necessary conditions to prove the other theorems listed in figure 3.39.

Angle-Angle-Angle Postulate for Similar Triangles D
If three angles of one triangle are congruent to three angles of B
another triangle, then the triangles are similar.
AABC ~ ADEF. = [E
A

F
(Continued on next page)

Fig. 3.39. Triangle similarity postulate and theorems
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D
Angle-Angle Theorem for Similar Triangles A
If two angles of one triangle are congruent to two angles of
another triangle, then the triangles are similar. C
E
AABC ~ ADEF.
B
F
D
Side-Angle-Side Theorem for Similar Triangles A
If an angle of one triangle is congruent to an angle of a second
triangle and the sides including the two angles are proportional, C
. . 8 12 E
then the triangles are similar.
6
AB BC 9
F

/B= /F and — =—,so AABC ~ ADEF. B
DF FE

Example showing
proportional side lengths

Side-Side-Side Theorem for Similar Triangles

D
A
If the corresponding sides of two triangles are proportional, then 4 6
the triangles are similar. c
8 12 E
eSO so AABC ~ ADEF. 6 9
F

DF FE DE B

Example showing
proportional side lengths

Fig. 3.39. Triangle similarity postulate and theorems—Continued

Students will also expand their understanding and application of trigo-
nometry and trigonometric ratios. The examples in figure 3.40 illustrate
how students will apply this knowledge in later grades.
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Problem:
Find sin A, cos A, tan A, and mZA. B
Solution: -
Either use the Pythagorean theorem to find the missing
side length or recognize the triangle as a 45°-45°-90°
triangle. AB = 72 A C
. opposite 7 1 2 7
hypotenuse 72 2 2
cos A Adiacent _ 7 1 _ V2
hypotenuse 72 2 2
el opposﬂe _ Z _
adjacent 7
m/A = 45°
Problem:
At a point 100 feet from the base of a building, the
angle of elevation to the top of the building is 40
degrees. Find the height of the building. h
Solution: ,«’/4:00
Use the right triangle. I I
h ! 100 ft !

tan40°= —
100

100 (tan40°)=h <+ Use a calculator or trig table
to find that tan40° ~ 0.839.
100(0.839) ~ h
839~ h
The height of the building is approximately 84 feet.

Fig. 3.40. Examples of how students apply trigonometric concepts in later grades

Developing Depth of Understanding

What activities can you do in your classroom that will help students under-
stand and apply the concept and properties of similarity? What everyday ex-
amples can you give to students to show why it is important to be able to use
distances and angles to analyze geometric figures and space?
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Data Sets

In grade 8, students learn how to analyze and summarize data sets. Students
learn how to choose the appropriate graph to display data and the most
meaningful numbers to describe measures of center and spread. They also
learn how to display and interpret bivariate data (a data set with two vari-
ables) using scatter plots. The goal of this Focal Point is for students to use
data and graphs to solve problems.

Instructional Progression for
Analyzing and Summarizing
Data Sets

The focus on analyzing and summarizing data sets in grade 8 is supported

by a progression of related mathematical ideas before and after grade 8, as
shown in table 4.1. To give perspective to the grade 8 work, we first discuss
some of the important ideas that students focus on before grade 8 that pre-
pare them for learning how to analyze and summarize data sets in grade 8. At
the end of the detailed discussion of this grade 8 Focal Point, we present ex-
amples of how students will use analyzing and summarizing data sets in later
grades. For more detailed discussions of the “before” part of the instructional
progression, please see the appropriate grade-level books, for example, Focus
in Grade 6 (NCTM 2010) and Focus in Grade 7(NCTM 2010).

Early Foundations for Analyzing
and Summarizing Data Sets

Students have learned many mathematical concepts and skills prior to grade
8 that lay the foundation for their ability to analyze and summarize data sets
in grade 8. In grades 3 through 5, students collect and organize data, of-

ten using tally charts and frequency tables. They learn to display their orga-
nized data in various ways, including the use of line plots, bar graphs, pic-
ture graphs, stem-and-leaf plots, double-bar graphs, histograms, and line
graphs. Students apply their understandings of whole numbers, fractions, and
decimals as they display the data in the various forms. They also use vari-

ous representations of data to solve problems, draw conclusions, and make
predictions.
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Table 4.1

Grade 8: Focusing on Analyzing and Summarizing Data Sets—Instructional Progression for Analyzing and

Summarizing Data Sets

Before Grade 8

Grade 8

After Grade 8

Students apply their understand-

ings of whole numbers, fractions,

and decimals to construct frequency
tables, bar graphs, picture graphs, line
plots, stem-and-leaf plots, double-bar
graphs, and line graphs.*

Students use these various represen-
tations of data to solve problems.*

Students develop an understanding
of proportional relationships.

Students use proportions to make
estimates relating to a population on
the basis of a sample.**

Students apply percentages to make
and interpret histograms and circle

graphs.*™*

Students use their knowledge of data
displays to represent data in a variety of
ways and compare the representations
in order to make an informed decision
about which representation to use for a
given set of data.

Students find, use, and interpret mea-
sures of center (mean, median, and
mode) to summarize and analyze data.

Students find, use, and interpret mea-
sures of spread (range, quartiles, outliers)
to summarize and analyze data.

Students use data displays, measures of
center, and measures of spread to de-
velop and create and evaluate inferences
and predictions related to the data.

Students formulate questions that can
be addressed with data and collect, or-
ganize, and display relevant data to
answer them.

Students select and use appropriate
statistical methods to analyze data.

Students develop and evaluate infer-
ences and predictions that are based
on data.

Students understand and apply basic
concepts of probability.

*In Grades 3-5 Connections

**In Grade 7 Connections

In grade 7, students use proportions to make estimates relating to a pop-

ulation on the basis of a sample. For example, they might use proportions to

analyze the following situation:

Suppose 200 taxpayers in a town are randomly selected for a survey and
120 of them are in favor of using tax money to build a new school. On

the basis of the random survey, if there are 5,000 taxpayers in the town,
about how many of the taxpayers in the town might you expect to be in

tavor of using tax money to build a new school?

Students would set up and solve the proportion

120 _

X

200 5,000
finding that x = 3,000. So one could expect that about 3,000 taxpayers in the

town would be in favor of using tax money to build a new school.
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In grade 7, students also learn how to apply percents to make and inter-
pret circle graphs. For example, suppose sixty students are asked to name the
subject in which they are getting the best grade; fifteen name science, fif-
teen name mathematics, eighteen name social studies, and twelve name lan-
guage arts. They could determine that 15 is 25% of 60, 18 is 30% of 60, and
12 is 20% of 60. Next they could calculate that 0.25 x 360° = 90%, 0.30 x 360°
=108°, and 0.20 x 360° = 72°. Finally, they could use their results to make a

circle graph, as shown in figure 4.1.

Science
25%

Social
Studies
30%

Language
Arts

Mathematics
25%

Fig. 4.1. Circle graph made by students using percents

In grade 8, students will synthesize this prior knowledge to create new
knowledge as they further expand their ability to analyze and summarize data
sets.

Focusing on Analyzing and
Summarizing Data Sets

The focus of analyzing and summarizing data sets in grade 8 is on evaluating
the strengths and weaknesses of different data displays, learning that descrip-
tive statistics provide additional information that can be used to analyze data,
and understanding that ways exist to study the strength of the association of
two sets of data. Throughout the work related to this Focal Point, students
should encounter learning experiences that are contextual. Also, as students
study data analysis, they should compare sets of data that are slightly differ-
ent. As students observe how differences in data affect the shape of a graph,
as illustrated in a data display, and the descriptive statistical values that are
associated with the data, their understanding of data analysis deepens. In ad-
dition to working with data provided for them, students should also be given
the opportunity to collect, display, and analyze their own data.

Creating and comparing different data displays

In grade 8, students further develop their ability to understand the strengths
and weaknesses of different data displays. They learn to articulate which data
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displays are best for which types of data. For students to gain this ability, they
need opportunities to interpret data displays, as well as create data displays
from given data sets. As students create, interpret, discuss, and compare a va-
riety of data displays for data sets of different types, they develop the ability
to make informed decisions about which representation or representations are
suitable to use for a given set of data. Classroom discussions like the one that
follows give students the opportunity to create, discuss, and compare data

displays.

Teacher: Look at the list of scores on a quiz taken by twenty students in a
mathematics class. When we analyze a set of data, we make summary state-
ments about it. For example, we might summarize quiz data by saying that
most of the class did well on the quiz, or most of the class did poorly. We
might say that a certain number of people got the same score, or that no one
got the same score. There are many different ways that we could analyze a set
of data so that it is meaningful to us if we know enough about the details of
the context that the data came from. Look at the following quiz scores. The
highest grade possible was 100, and this is the quiz given at the end of a unit.
Are there any summary statements that you can make about the data?

70 70 80 80 95 65 65 82 82 77
85 95 95 100 100 70 77 85 55 75

Jorge: It seems like there were both high and low grades. There seem to
have been a lot of grades in the 80s, but I can't really tell unless I count them
all.

Teacher: Jorge’s observations are correct. When we look at a list of num-
bers, it can be difficult to analyze the list because it is difficult to see patterns.
You have learned other ways to show these data. Can anyone tell me some
other ways that we might display this set of data rather than in a list?

Mia: Yes; we could use a table or a graph.

Teacher: Mia has mentioned some other ways to display these data that
might make it easier to analyze. One of the purposes of graphing data is
to give you a picture of the data. This picture can make it easier to analyze
and summarize the data. Now make a data display to show these data an-
other way. Be sure your display has a title and that you label your graph as
necessary.

Teachers would then allow students to display the data in any way they
wish. The purpose of this open exploration is to give students the opportunity
to make data displays as well as to compare data displays. Through this pro-
cess, students begin to see that there are often different ways to display data
and that, depending on what we need to learn about the data, some ways of
displaying data are more useful than others. In these initial experiences with
choosing their own data displays, students are likely to choose data displays
with which they have had previous experiences. These previous experiences
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may vary, but students are likely to have previous experience with bar graphs,
line graphs, line plots (dot plots), stem-and-leaf plots, circle graphs, histo-
grams, and pictographs. Once students have made their data displays, teach-
ers should allow them to explain their data displays, including why they chose
them, and encourage them to evaluate the relative strengths and weaknesses
of the displays, as reflected in the continuation of the classroom discussion
that follows.

Teacher: 1 see that different students created different types of displays for
this data set. Elivo, will you please share your graph?

Elivo: 1 made a bar graph. First I wrote the data values in order: 55, 65,
65, 70, 70, 70, 75,77, 77, 80, 80, 82, 82, 85, 85, 95, 95, 95, 100, 100. Then I
grouped together all the grades in the 50s, 60s, 70s, 80s, 90s, and 100. Then I
used bars to show the number of students that got grades in each group.

Quiz Grades

o =<4 N W~ 00O N

Number of Students

| | _F

50s 60s 70s 80s 90s 100
Grade

Teacher: How does your graph make it easier to analyze the data, Elivo?

Elivo: Well, I can see that most of the people got grades in the 70s and
80s. I can see that the fewest people got grades in the 50s and 100; also, that
the same number of people got grades in the 70s and 80s.

Teacher: Those are good observations, Elivo. Part of accurately displaying
data is being sure that the intervals are all the same. Does anyone see a prob-
lem with the intervals in Elivo’s graph?

Mia: 1 do. All the intervals include ten numbers, except the 100. That is
only one number. I think it makes the graph a little bit misleading because
two people got scores in the 60s, and two people got 100, but on the graph
this is represented the same way.

Teacher: Good observation, Mia. Since Elivo’s intervals do not each rep-
resent the same number of scores, his graph could be misleading.

Frank: 1 made a graph with bars, but I think mine more accurately dis-
plays the data. I used intervals that are equal on my graph. Every bar repre-
sents ten possible grades, and the bars touch because there is no gap between
one interval and another.
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Quiz Grades

Number of Students
O =4 N W > 00 0O N
I

51-60 61-70 71-80 81-90 91-100
Grade

Teacher: Frank made a histogram, which is a graph that uses bars to show
frequencies of data grouped in intervals. His intervals are indeed equal, and
the frequency of each interval is the number of data values in that interval.
An advantage of a histogram is that it gives a good idea of the shape of the
distribution, or arrangement, of numerical data. If you compare Elivo’s graph
and Frank’s graph, you can see that the shapes of the graphs are different.
Since Frank’s graph uses equal intervals, the shape of his graph more accu-
rately shows a “picture” of the data. What analysis can you make from your
graph, Frank?

Frank: Well, I can see that most of the scores are from 71 to 100 and that
about the same number of people got scores in the three intervals from 71 to
100. By this graph, it seems that most people did pretty well on the quiz and
that only a few people did poorly, or got below a 70.

Teacher: Frank’s comments illustrate the reason we display data in an or-
ganized way. It is easier to analyze the set of data when data are displayed
than when they are just in a list. Having a picture of the data helps you make
more accurate summary statements about the data. One characteristic of a
histogram that might be a disadvantage, depending upon what you want to
know about the data, is that it does not show the actual data values. For ex-
ample, you cannot tell from looking at the graph how many students got 100,
or whether the scores in the 60s were above or below 65. Beth, I see that you
did not use bars to make a graph. Can you share your graph?

Beth: 1 made a line graph. First I wrote the data values in order, then I
grouped them into equal intervals, and then plotted the number of scores in
each group.
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Quiz Grades

Number of Students
o =2 N W > OO N
N

51-60 61-70 71-80 81-90 91-100
Grade

Teacher: Beth used points and lines rather than bars to show her data.

A line graph is usually used to display changes over time, to show trends, or
to show a relationship between two variables. This data set is a list of quiz
scores. Beth, do you think any of these purposes of a line graph are needed
for this set of data?

Beth: 1 guess not. The quiz data do not show change over time or any
kind of trend. It is just showing how many scores are in each group. Maybe I
should have made a bar graph like Frank, since the lines between the points
don’t really mean anything. I think if the data were something like one stu-
dent’s twenty quiz scores, it might be better to use a line graph, because you
could show a trend in that person’s scores, for example, whether the person’s
scores went down, improved, or stayed about the same.

Teacher: Della, you made an interesting data display. Can you share it
with the class?

Della: My graph is different from the ones everyone has shared so far be-
cause it shows every data point. This might make it easier to interpret the
data because you can see, for example, how many 100s there are. My graph is
a little like a bar graph or histogram, but it uses x-marks instead of bars. The
number of each data value is shown by that number of x-marks instead of by

the height of a bar.
X X

X X XXX X X X

X X X X XXX X X X

T T T T T T T T T T T

50 55 60 65 70 75 80 85 90 95 100
77 82
Quiz Scores
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Teacher: Della’s graph is called a line plot. It also can be called a dot plot
because sometimes dots are used instead of x-marks. Della described one of
the advantages of a line plot—that it shows all the actual data values. Can
anyone see a limitation of Della’s display?

Della: Yes; I am limited by the scale on the number line. If, for example,
my data ranged from 0 to 2,000 and I had to fit this range onto the page,
then data points close to one another, like 1,344 and 1,345, would be difficult
to show accurately. Also, if I had more data points, for example 100 or 200
quiz scores, it would take quite a bit of time to make the plot without some
help, like from a computer.

Teacher: Della’s observations are accurate. As we are beginning to see,
there are disadvantages and advantages of the different kinds of graphs. Some
of these advantages and disadvantages are based on the type of data you are
displaying and some are characteristics of the data display itself.

Teacher: Carmen, you made an interesting graph. Can you share it?

Carmen: 1 made a circle graph. Like Frank, I first wrote the data values in
order. But I grouped them into slightly different groups, as you can see on my
graph.

Quiz Grades

below 70

Teacher: How did you determine the sizes of the sectors in your graph?
Carmen: Well, for example, I wrote 3 scores out of 20 scores as 3/20, then

I found 3/20 of 360°:
3 g0 3 .360° _ 3 360918° o
0 20 1 26 1

So the section for the 3 scores below 70 is 54°. I found these angle measures
for the other sections the same way: 108° for 70-79, 108" for 80-89, and 90°
for 90-100.

Teacher: How is your graph different from all the others that we have
seen?

Carmen: Well, my graph is a circle. Also it compares the number of
grades in each category with the total number of grades.

Teacher: You can make that comparison between the amount of data in
a category and the amount of data in the whole set with most of the graphs
we've seen, but a circle graph is especially good for displaying data in distinct
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categories as parts of a whole. A circle graph usually uses categories to orga-
nize data. When the data items are numbers, such as these quiz scores, and
are separated into ordered groups like Carmen’s, the groups are called inzer-
vals. As we have seen in Elivo’s graph, when forming intervals, it is usually
best to make the intervals the same size. The first interval, below 70, includes
all scores from 0 to 69, so it is much larger than the other intervals. What are
the sizes of Carmen’s other intervals?

Elivo: The 70-79 interval has ten possible scores, the 80-89 interval has
ten possible scores, and the 90-100 interval has eleven scores.

Teacher: Normally, you would want to have intervals that are equal so that
you can most accurately display the data. Even though the intervals are not
equal in Carmen’s graph, we can still use it to analyze the data. What is some
information we can get from the circle graph?

Carmen: 1 can see that the number of scores in the 80—-89 range was the
same as the number of scores in the 70~79 range and that the least number
of people got scores below 70. The section for the 90-100 scores seems to be
about one-quarter of the circle, so about one-quarter of the people got a score
in this range; also the sections show that more than half the students got
grades between 70 and 89.

Teacher: Let’s look at one more graph. Alex, will you share your graph?

Alex: I made a stem-and-leaf plot. Like a line plot, it shows all the actual
data values. I put a key on it so that you could see how to read it.

Quiz Grades

5 5
6 5 5
7 0 0 0 7
8 0 0 2 2 5 5
9 5 5 5
10 0 0
Key: 8|2 = 82

Teacher: Alex, your plot accurately displays the data. If you turn your plot,
you can see that it is like a bar graph, but the “bars” tell you the exact values.
Does anyone see limitations of a stem-and-leaf plot?

7 5
7 5
5 2
0 2 5
5 0 0 5 0
5 5 0 0 5 0
5 6 7 8 9 10
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Della: 1 do; they are similar to a line plot. It would be difficult to show
many values, for example, 100 values. Also, if the values had a big range, like
from 0 to 3,000, it would be inefficient to show them in this way.

Teacher: Well, at least without the use of technology it would be more
difficult.

each type of graph?

Reflect As You Read

The class discussion in the previous section revealed a class in which students were
able to make many different graphs for one set of data. Examine the work of your

own students. Do they come with the same background exhibited by students in the
previous discussion? What do your students understand about the characteristics of

J

Through classroom discussions such as the previous one about many dif-
ferent types of data sets, students learn that some displays are more appro-
priate for some types of data and some are more appropriate for other types
of data. They also learn that for many data sets, several types of data displays
may be appropriate, as illustrated in figure 4.2. The circle graph and bar graph
both show data in distinct categories, and they are both good for comparing
the amounts in the categories. The circle graph offers the additional advan-
tage of making it easy to compare the amount in each category to the whole.

8th Graders’ Favorite Music 8th Graders’ Favorite Music

70
60
50
40

20 [ —

Number of Votes

Country Hip Hop Rock Other
Type of Music

Fig. 4.2. Circle graph and bar graph

During classroom discussions, students should also have the opportunity
to compare and contrast bar graphs and histograms. Through various
experiences making and interpreting these two types of graphs, they should
realize that both graphs use bars to show the frequency of each group and
neither graph shows the actual data values. They should also realize that his-
tograms are used to display continuous data grouped in intervals, whereas in
bar graphs, separated bars are used to represent discrete data grouped in dif-
terent categories. Students should gain an appreciation that stem-and-leaf
plots and line plots are useful when wanting to show actual data values, show-
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ing extremes, clustering, outliers, and range but are best suited for data sets
that have forty or fewer data values.

Students may also see the commonalities among some of the data dis-
plays. For example, a bar graph, line graph, histogram, line plot, and stem-
and-leaf plot all give a “picture” of the data, so they provide a good idea of the
shape of the distribution. Although some of these displays also provide actual
data values, others use length or area to show frequency.

As students learn more about using different types of data displays, they
learn that often two sets of data can be graphed on one display, for example,
on a double-line graph, a double-bar graph, or a double stem-and-leaf plot.
Graphing more than one set of data on one display allows students to com-
pare the data quickly, as shown in figure 4.3. By a glance at the single-bar
graph, the students can be compared by grade; by a glance at the double-bar
graph, boys and girls in each grade can be compared.

Students Participating in an Students Participating in an
After-School Activity After-School Activity
£120 £ 60 = G
5 5 irls
-g100 3 50 [] Boys
&% 80 & 40
S 60 — 5 30
2 40 H — 2 20
g 20 - § 10 _—
4 4
0 0
Grade 6 Grade 7 Grade 8 Grade 6 Grade 7 Grade 8
Grade Grade

Fig. 4.3. Single-bar graph and double-bar graph showing data from same data set

Bar graphs can also be horizontal, as shown in figure 4.4.

Running Long-Jump Results

Grade 8

Grade 7

Grades

Grade 6 |

0 20 40 60 80 100

Distance (feet)

Fig. 4.4. Horizontal bar graph
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During their work with data displays, students learn that line graphs are
useful when they want to show changes over time, trends, and the relationship
between two variables. Data represented in a line graph can be either discrete
or continuous. For discrete data, only certain values are possible, and those val-
ues are often, but not always, whole numbers. Some examples of discrete data
are number of people in a family, number of stores in a shopping mall, and shoe
size (which may have a limited number of fractional values). For continuous
data, the number of possible values between any two data values is infinite. This
does not mean there are an infinite number of values in a data set. Rather, the
term continuous data refers to the nature of the quantity being measured or re-
corded. A good example of continuous data is a person’s height. As a girl grows
from 40 inches tall to 41 inches tall, she grows gradually, attaining heights such
as 40 1/2 inches, 40 13/16 inches, 40 29/32 inches, and so on. Not every height
between 40 inches and 41 inches can be measured or recorded, but growth is
continuous because there are no gaps from one fraction of an inch to another.
Other examples of continuous data are age and temperature. Figure 4.5 shows
two line graphs. Both graphs show a trend and a relationship between two vari-
ables. However, in the first graph, the data are discrete (i.e., number of partici-
pants). In the second graph, the data are continuous (i.e., height).

Number of Students

40

30

20

10

Participants in End-of-Year

School Play A Child’s Height
‘\ 44
40
= y~
? 36 A
» S
f=
= 32
£ /
‘© 28
s
24
0
2005 2006 2007 2008 2009 1 2 3 4 5
Year Age (years)
Discrete Data Continuous Data

Fig. 4.5. Line graphs representing discrete data and continuous data

Referring back to figure 4.5, it would also be appropriate to use dashed
lines rather than solid lines to connect the data points in the school-play
graph. The dashed lines emphasize the fact that there are no real data be-
tween the data points, that is, no fractional students.

When reading a line graph, students learn that they need to interpret
several aspects of the graph. First, they have to determine if the data are dis-
crete or continuous—do fractional values make sense in the given context?
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They also have to understand which data points were actually measured and
if there are meaningful data between those data points. For example, in figure
4.6, two temperature line graphs are given. As students learn to analyze the
data between the data points, they come to realize that in graph B, the line
might or might not approximate the data that could have been collected be-
tween the existing data points. For example, when the temperature changes
from 53°F to 56°F between 2:00 p.m. and 3:00 p.m., the line that shows that
the temperature gradually increased is probably a fairly accurate representa-
tion of the actual change in temperature between the two times. However,
in graph A, the line between 8:00 p.m. on Thursday and 8:00 p.m. on Friday
probably does not accurately represent the actual change in temperature over
time. There were probably much greater fluctuations between these two data
points than indicated by the line. As students learn to analyze line graphs, it
is important that they learn to make these types of inferences from the con-
text within which the data are situated.

8:00 PM Temperatures Tuesday’s Temperatures
60 60
J ]
56 /-/' 56 //
& s < A
o 52 o 52
2 v E y~
o e
8 48 2 48
£ £
P e
44 44
4; 4;
0 0
Su M T W Th F Sa 10 11 12 1 2 3 4
am am pm pm pm pm pm
Day Time
Graph A Graph B

Fig. 4.6. Graphs that show students’ need to analyze the representation of
the line between data points

Students also learn about double-line graphs and use them to compare
trends in data, as shown in figure 4.7. Notice that in this case, the dashed line
is used to differentiate between the two restaurants. Neither restaurant has
actual data between the days.

Information about different displays that students are likely to have pre-
viously encountered is summarized in figure 4.8.

Once students have developed the ability to decide which display is ap-
propriate for certain data and they can create and interpret different displays,
teachers should begin to ask such questions as these:
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whole set of data?

the data?

e How can you identify a single number that is representative of the

e How can you identify a single number that describes the spread of

Restaurant Activity at Noon

»
1Y
“E’ %5 9 o—e Gene’s Grill
) /\ ®--e Corner Diner
® 45
2 )
5 VBN
5 39 - \\»
2 AN &
€ - .- \.
= .
3 25
0
Su M T W Th F Sa
Day

Fig. 4.7. Double-line graph

Type of Display

Strengths/Advantages/Utility

Weaknesses/Disadvantages

Line graph

Used to display changes over time; shows trends;
used to show the relationship between time and
another variable.

Care must be taken to interpret the seg-
ments connecting actual data points.

Circle graph

Displays data in distinct categories; displays data
as parts of a whole; good for comparing and con-
trasting the relative amounts in the categories.

Useful for relative frequency; does not
show trends or behavior over time.

Bar graph

Displays data in distinct categories; good for
comparing and contrasting the amounts in the
categories.

Categories are often not in any order;
data must be interpreted appropriately.

Histogram

Good for displaying data that can be grouped into
ordered intervals; gives a good idea of the shape
of the distribution.

Does not show actual data values.

Line plot

Good way to show extremes, clustering, outliers,
and range; shows actual data values.

Not good when there are many data val-
ues or when the range of the data values
is great.

Stem-and-leaf plot

Helps you see how data are distributed; shows
actual data values; helps you see repeated data
values and other patterns.

Not good when there are many data val-
ues or when the range of the data values
is great.

Pictograph

Helps you quickly compare differences in numeri-
cal data.

Often shows approximate instead of ac-
tual data values.

Fig. 4.8. Data displays students have likely encountered before grade 8
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As students search for answers to these questions, they begin to realize that
the answers are not easily found in their data displays or in the data sets
themselves. This realization provides teachers with the opportunity to intro-
duce the purpose of studying descriptive statistics, which includes measures
of center, spread, and distribution.

Measures of center

In grade 8, students find, use, and interpret measures of center to summarize
and analyze data. These measures include mean, median, mode, and mid-
range. The purpose of identifying a measure of center is to choose a single
number, or representative value, that represents an entire data set. Students
may be familiar with the term awerage as another name for measure of center.
Average is used because the measure of center can be thought of as a “nor-
mal” or “typical” value in the data set. This term, however, can be misleading
because it is often used interchangeably with mean; for example, the phrase
“average speed” is usually used to refer to the mean speed and the phrase “av-
erage temperature” is used to refer to the mean temperature. Additionally, the
mode is sometimes not considered to be a measure of center; however, it is a
representative or typical member of a data set, one of the characteristics of a
measure of center.

The mean of a data set is the sum of the values in the data set divided
by the number of values. Students should understand a mean as a fair-share
measure as well as a balance point (Franklin et al. 2007). It is beneficial for
students to explore the concept of the mean through concrete experiences be-
fore they use addition and division to compute the mean. Examples of differ-
ent ways to model the mean are shown in figure 4.9.

Dataset: 3,1,2,2,4,1, 1

Model 1—Mean as a fair-share measure
Each tile has the value 1.

1. Represent each data value with tiles or 2. Redistribute the tiles by putting all the
any objects. groups together and redistributing them
evenly into the same number of groups.

588500 — BEBERHE

The mean is the number in each equal group.
The mean is 2.

3

(Continued on next page)

Fig. 4.9. Modeling mean
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Model 2—Mean as a balance point
Each tile has the value of its position on a number line.

Step 1. Represent Steps 2-4. Move tiles from the outside in, balancing
the data values with each left movement of a tile with an equal right
tiles on a number movement of a different tile.

line as you would
make a line plot.

[ [2] [3]
1 2 3 4 1 2 3 4 1 3

Move a tile from 1 to 2. Move a tile from 1 to 2. Move a tile from 1 to 2.
Move a tile from 4 to 3. Move a tile from 3 to 2. Move a tile from 3 to 2.

N

4 1 3 4

o[ ]ro]ro o[ rofm]m]

The mean is 2 because all the tiles are in the 2 position when no more movement is possible. The
mean is the “balance point.” If a fulcrum (pivot) is placed there with the data returned to their
original positions, the system is in balance.

Fig. 4.9. Modeling mean—Continued

Figure 4.10 shows the definitions of mean and other measures of center
along with some examples.

As students begin exploring measures of center and other descriptive sta-
tistics, teachers should carefully craft learning experiences to give students the
opportunity to discover that although measures of center are often very use-
ful, a measure of center alone does not fully describe a data set. Additionally,
students should begin to realize that one measure of center may be a more
representative value for a given data set than another. Experiences can include
contextual examples in which different data sets have the same measures of
center, as illustrated in figure 4.11. As students analyze the two sets of data,
they may observe that most students received an 80 on the mathematics quiz
but no student received an 80 on the history quiz. They might also state that
there were four 100s on the history quiz but only one 100 on the mathemat-
ics quiz. As students compare and contrast the data sets and line plots, they
reinforce in their own minds that these measures of center do not fully de-
scribe the data.

Students’ study of measures of center should also include opportunities
for them to realize how changes in data values affect the different measures
of center. Teachers can accomplish this by giving students a data set, having
them find its measures of center, and then purposefully changing the data set
so that students can analyze how a particular change affected the measures of

center as shown in figures 4.12, 4.13, and 4.14.
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Definitions of measures of center of a data set

The mean is the sum of the values divided by the number of values.

The median is the middle value when the values are written in numerical order. If the number of values is
even, the median is the mean of the two middle values.

The midrange is the mean of the extremes.

The mode is the value that occurs most often. A data set can have no mode (that is, there is no data value
that occurs more than once), one mode, or more than one mode. Mode is actually sometimes considered
a representation of distribution rather than a measure of center.

Examples

Data Set Measures of Center

2,6,8,8,4| Mean: 2+6+8+8+4 28 _
5 5
Median: Write the data values in order and then identify the middle value: 2 4 6 8 8.

5.6

The median is 6. (Half of the data are above 6; half are below 6.)

Midrange: The extremes are 2 and 8. Midrange = 2+8 =5,
2

Mode: The mode is 8.

4+0+1+0+9+7+7+8 36 _
8 -8

Median: Write the data values in order. The number of values is even. Identify the two
middle values.00147789

Mean: 45

® o

©»r
No

4+7 11

Find the mean of the two middle values. ——55
2 2
The median is 5.5. (Half of the data are above 5.5; half are below 5.5.)
. . . _0+9 9
Midrange: The extremes are 0 and 9. Midrange= ="~ = =~ =45,
2 2

Mode: The modes are 0 and 7.

Fig. 4.10. Definitions and examples of different measures of center

The original data set given in figure 4.12 is characterized by having a
cluster of values in the middle of the set and the same number of values
above and below that cluster. Through their completion of many activities
with data sets having these characteristics, students begin to see that when
values are added to the lower end of a data set such as this, the mean de-
creases; when values are added to the upper end of the data set, the mean in-

creases; and when values are added to the middle of a data set, the mean stays
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about the same. They can also surmise that when there is a cluster of data in
the middle of the data set, when values are added to the lower and upper end,
the median may not be affected.

Data Sets:
60, 70, 70, 80, 80, 80, 80, 90, 90, 100 60, 60, 60, 60, 70, 90, 100, 100, 100, 100
Mathematics Quiz Scores History Quiz Scores
X X X
X X X
X X X X X
X X X X X X X X X
| | | | | | | | | | | |
50 60 70 80 90 100 50 60 70 80 90 100
Scores on Quizzes
Mathematics Quiz History Quiz
Mean 80 80
Median 80 80
Midrange 80 80
Fig. 4.11. Different data sets with the same measures of center
Set A
1. Original data set: X
70, 80, 80, 80, 90 X
Mean = 80 T T )I( )I( )I( T
Median = 80 50 60 70 80 90 100
Mode = 80
The mean, median, and mode are all the same.
The graph is symmetric, with the value of the measures of center, 80, in the middle.
2. Add 60 to the original data set: X
60, 70, 80, 80, 80, 90 X
2 X X X X
Mean = 765 T T T T T T
Median = 80 50 60 70 80 90 100
Mode = 80
The new data value, 60, was added to the lower end of the data set.
The mean decreased; the median and mode are the same.
The graph is no longer symmetric; it is stretched out somewhat to the left.
(Continued on nect page)

Fig. 4.12. Activity 1—comparing the effects of additional data on measures of center
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3. Add 100 to the original data set: X
70, 80, 80, 80, 90, 100 X

1 X X X X
Mean = 835 T T T T T T
Median = 80 50 60 70 80 90 100
Mode = 80
The new data value, 100, was added to the upper end of the data set.
The mean increased; the median and mode are the same.
The graph is no longer symmetric; it is stretched out somewhat to the right.
4. Add 80 to the original data set: X
70, 80, 80, 80, 80, 90 X
Mean = 80 X § X
Median = 80 T T T T T T
Mode = 80 50 60 70 80 90 100
The new data value, 80, was added to the middle of the data set.
The mean, median, and mode stayed the same.
The graph is still symmetric, with more values in the center.

Fig. 4.12. Activity 1—comparing the effects of additional data on measures of center—Continued

Set B
1. Original data set: X X
70, 70, 70, 80, 90, 90, 90 X X
Mean = 80 | | )I( )I( XI |
Median = 80 50 60 70 8 90 100
Modes = 70, 90
The mean and median are the same.
There are two modes, 70 and 90. The graph is symmetrical around 80.
2. Add 60 to the original data set: X X
60, 70, 70, 70, 80, 90, 90, 90 X X
Mean =77.5 | )|( )|( )|( )|( |
Median =75 50 60 70 80 90 100
Modes = 70, 90
The new data value, 60, was added to the lower end of the data set.
The mean and median decreased; the modes are the same.
The graph is stretched out somewhat to the left.
(Continued on next page)

Fig. 4.13. Activity 2—comparing the effects of additional data on measures of center
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3. Add 100 to the original data set:

70, 70, 70, 80, 90, 90, 90, 100 § §

Mean = 82.5 X X X X
Median = 85 I I I I I I
Modes = 70, 90 50 60 70 80 90 100
The new data value, 100, was added to the upper end of the data set.

The mean and median increased; the modes are the same.

The graph is stretched out somewhat to the right.

4. Add 80 to the original data set:

70, 70, 70, 80, 80, 90, 90, 90

Mean = 80 X X

Median = 80 x X X

Modes = 70, 90 | | )|( )|( )|( |
The new data value, 80, was added to the middle of the data set. 50 60 70 80 90 100
The mean, median, and modes stayed the same.

The graph is perfectly symmetric, like the original graph, with 80 in the middle and high at the modes,

70 and 90. It is just slightly higher in the middle at 80 than the original graph.

Fig. 4.13. Activity 2—comparing the effects of additional data on measures of center—Continued

The original data set given in figure 4.13 is characterized by having a
cluster of values at the lower end, a cluster of values at the upper end, and few
values in the middle of the data set. Through their completion of many ac-
tivities with data sets having these characteristics, students begin to see that
when values are added to the lower end of a data set such as this, the mean
and median decrease; when values are added to the upper end of the data set,
the mean and median increase; and when values are added to the middle of
the data set, the mean and median stay about the same.

Set C

1. Original data set:
50, 70, 80, 90

Mean = 72.5

Median = 75 50 60 70 80 90 100
Mode: none

The mean and median are different. There is no mode.
The graph is not symmetric; all columns are the same height.

(Continued on next page)

Fig. 4.14. Activity 3—comparing the effects of additional data on measures of center
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2. Add 50 to the original data set:

50, 50, 70, 80, 90 X

Mean = 68 )I( T )I( )I( )I( T
Median = 70 50 60 70 80 90 100
Mode: 50

The new value, 50, was added to the low end of the data set.
The mean and median decreased, and now there is a mode.
The graph is still not symmetric; now the tallest column is at the low end of the data.

3. Add 100 to the original data set:
50, 70, 80, 90, 100

Mean =78 X X X X X

Median = 80 I I I I I I
50 60 70 80 90 100

Mode: none

The new value, 100, was added to the upper end of the data set.
The mean and median increased, and there is still no mode.

The graph is still not symmetric; all columns are the same height.

4. Add 80 to the original data set:

50, 70, 80, 80, 90 X

Mean = 74 )I( T )I( )I( )I( T
Median = 80 50 60 70 80 90 100
Mode: 80

The new value, 80, was added to the middle of the data set.
The mean increased, the median stayed the same, and there is now a mode.
The graph is still not symmetric; now the tallest column is near the middle of the data.

Fig. 4.14. Activity 3—comparing the effects of additional data on measures of center—Continued

The original data set given in figure 4.14 is characterized by not having a
cluster of values; all the values have about the same occurrence. Through their
completion of many activities with data sets having these characteristics, stu-
dents begin to see that when values are added to the lower end of a data set
such as this, the mean and median decrease and, if the added value is already
in the set, the mode changes. When values are added to the upper end of the
data set, the mean and median increase, and if the added value is already in
the set, the mode changes. When values are added to the middle of a data set,
the mean and median may or may not be affected. It depends on whether the
new value is exactly in the middle of the values or is less or greater than the
middle values. If the added value is already in the set, the mode changes.
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Figure 4.15 provides a summary of generalizations about the shape of a
data distribution, measures of center, and how measures of center and a dis-
tribution shape are affected by changes in data that students should be able
to make after many experiences with adding data to data sets with different
characteristics.

¢ [f a data set is symmetric about a data value, then that value is
the mean and median.

¢ |If a data value is inserted in the low end of a data set, then—
— the mean decreases.
— the median might decrease.

— the mode is not affected unless the inserted data value becomes
a mode.

— if the shape of the original graph is symmetric, then the shape of
the new graph is not symmetric, with another value to the left of
the original center.

¢ If a data value is inserted in the high end of a data set, then—
— the mean increases.
— the median might increase.

— the mode is not affected unless the inserted data value becomes
a mode.

— if the shape of the original graph is symmetric, then the shape of
the new graph is not symmetric, with another value to the right of
the original center.

¢ If a data value is inserted in the middle of a data set, then—

— the mean and median may or may not be affected, but the change
will be minimal.

— the mode is not affected unless the inserted data value becomes
a mode.

— if the shape of the original graph is symmetric, then the shape of
the new graph will still be symmetric or somewhat symmetric.

Fig. 4.15. Summary of how changes in data affect
measures of center

After students have several experiences finding measures of center and
analyzing the effect that changes in different types of data sets have on these
measures, they are ready to begin evaluating whether all measures of center
are equally reflective of the data in every context. Students begin to realize
that they need to make decisions about which measures of center best repre-
sent certain data and begin gaining the ability to describe situations in which
a particular measure of center would be more reflective of the data than an-
other. Students also learn that in certain situations, measures of center can be
misleading.

Whether a measure of center is reflective of a data set is based on the
context in which that data set is generated. Because of this, teachers should
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construct a series of purposeful, contextual experiences in which students

can first observe and then determine the most appropriate measure of cen-
ter. Problems such as the ones provided in the following classroom discussion
give students these opportunities.

Teacher: Let’s look at some problems and decide if all measures of center
accurately reflect a representative value for the set of data or if one measure of
center is more appropriate to use than another. Suppose the following num-
bers represent a student’s ten mathematics quiz scores. What are the mean,
median, and mode?

90 100 100 70 90
100 100 70 80 70

Barry: The grades in order from least to greatest are 70, 70, 70, 80, 90,
90, 100, 100, 100, 100. The mean is 870/10 = 87; the median is 90; the mode
is 100.

Teacher: Each of these measures has a different value. Which measure of
center do you think best represents the data?

Ayaan: 1 think the mean best represents the data because it seems to
be most like the student’s overall performance. Although the student got
the most 100s, he or she also got grades much lower than 100, so the mode
is not as good. The middle grade, the median, is 90, but some of the stu-
dent’s grades are much lower than 90 (for example, he got three 70s), so the
90 seems too high to represent all the grades. I think the mean, as a balance
point, is the best value to use to describe this data.

Teacher: You provided logical support for your reasoning. Let’s look at
another data set. Suppose your family owns a grocery store. You sell cereal
in 12-ounce, 16-ounce, 20-ounce, and 24-ounce boxes. You make the same
amount of profit on each size. The data values below are ounces, showing the
last 20 boxes you sold. Find the mean, median, and mode of the data.

12 16 12 16 16 24 20 12 20 12
16 12 20 12 24 12 20 24 12 24

Cheryl: The order of the data from least to greatest is 12,12, 12,12, 12,
12,12,12, 16, 16, 16, 16, 20, 20, 20, 20, 24, 24, 24, 24. The mean is 336/20 =
16.8; the median is 16; and the mode is 12.

Teacher: Now suppose a supplier offers a discount on the next shipment if
you order all boxes of the same size. If your family decides to take advantage
of the offer, which measure of center should your family use to determine the
best size to order?

Jim: 1 think my family should use mode. The data indicates that we sell
more of that size than any other size. The mean is 16.8, and you can't order a
16.8-ounce size because it is not available. It makes most sense in this case to
order the size box that people buy most often, which is the mode, 12.
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Teacher: 1 understand your reasoning, Jim. So in the case of the grades,
the mean was the most appropriate measure of center to use, but in the case
of the cereal boxes, it was the mode. Let’s look at another situation. Suppose
a company placed this advertisement in a magazine.

Career Opportunities!
Established Company
Representative Salary: $68,000

The company has nine employees, including the vice-president and presi-
dent. These are their salaries. What are the mean, median, and mode of the
salaries?

$35,000 $35,000  $35,000  $40,000  $40,000
$42,000 $42,000 $143,000 $200,000

Janie: The mean is $612,000/9 = $68,000; the median is $40,000; and the
mode is $35,000.

Teacher: Those measures of center are correct. Is the advertisement
truthful?

Jim: Well, the advertisement is not untruthful because the mean is
$68,000, and the mean is a measure of center, and so it is a representative val-
ue of the salaries. You could say that it is the average salary of the people who
work at the company.

Gladys: Well, I think that saying that $68,000 is a representative salary
might be technically true, but it is misleading. The mean of the salaries is
raised because of the vice-president’s and president’s salaries, which are much
greater than the other employees’ salaries. If you get a job with this company,
it is likely that you will get a salary that is much lower than $68,000. I think
that the median, $40,000, would be more representative of the data set, in
that it would give someone applying a more accurate idea of how much they
might make if they got the job.

Teacher: Jim and Gladys bring up important points. Jim’s point shows us
that it is possible for measures of center to be intentionally or unintentionally
misleading. Gladys emphasizes that you need to look carefully at the data and
the measures of center before you use measures of center to make decisions
or draw conclusions. In some cases, such as this one, the median might be a
more representative value than the mean. Let’s look at one last data set. The
points a basketball player scored in ten games are these:

5 6 8 8 8 10 10 11 11 12

What are the mean, median, and mode of the data?
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Kimberly: The mean is 89/10 = 8.9; the median is 9; and the mode is 8.

Teacher: Kimberly, which measure of center best represents the player’s
contribution to the team?

Kimberly: Well, in this case, all the measure-of-center values are about
the same. I would say that you could use any of them.

Teacher: Good observation, Kimberly. Sometimes the measures of center
have about the same value, so any of them can be considered representative of
the data set.

As students are given the opportunity to explore and discuss many dif-
ferent situations that involve a variety of data sets, they will gain the ability to
describe types of situations in which one measure of center is more appropri-
ate to use than another.

Measures of spread

As students continue their exploration of descriptive statistics, they learn that
the use of measures of center is only one way to summarize and analyze data.
Another way is to use measures of spread, also called measures of variability,
to indicate how spread out the data values are. To understand these measures,
students need to know about extremes, clusters, and outliers.

Extremes are the least value, or minimum, and the greatest value, or max-
imum, in a data set. A cluster forms when many values in a data set are close
together. As shown in figure 4.16, clusters can be identified on data displays
and in lists of numbers that have been ordered.

Quiz A Grades
Cluster \\8
X 7
X X o —
X X £ 6
X X X X X T °
T T T T T T o 4
40-41 42-43 44-45 46-47 48-49 50-51 5 3
)
£ |
2 ]
40-41 42-43 44-45 46-47 48-49 50-51
Grade
Quiz B Grades
4 5 Cluster —_|
6 55
7 00011 45, 65, 65,(70, 70, 70, 71, 71, 72)80, 80, 82
8 002
Key: 8|2 = 82

Fig. 4.16. Data displays and lists of data that show clusters
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An outlier is a value that is much greater or much less than most of the
other values in the set. In the data sets that students will consider in grade 8,
outliers are the extreme values. In later grades, however, students will partici-
pate in more in-depth outlier analysis that may result in outliers not being in-
cluded in data representations and descriptive statistics (Franklin et al. 2007).

In grade 8, students learn about two measures of spread: range and inter-
quartile range. The range of data is the difference between the two extremes,
the maximum value minus the minimum value. For example, for the follow-
ing set of quiz scores—

60 70 76 76 76 80 80 80 80 80 82 82 85 86 86 88 88 90 90 100
the minimum is 60, the maximum is 100, and
range = maximum — minimum = 100 — 60 = 40.

To find the interquartile range, students need to understand how to separate
the data into four parts. In this procedure, students apply their understand-
ing of median as the middle of an ordered data set. The median separates

the data set into two halves: the lower half and the upper half. Students learn
that if they then find the median of the lower half of the data and the median
of the upper half of the data, they have divided the whole data set into four

parts, or quartiles (guar#—meaning four), as shown in figure 4.17.

one-fourth one-fourth one-fourth one-fourth
A A A A

60 70 76 76 76 80 80 80 80 80 82 82 85 86 86 88 88 90 90 100

} } } } }

minimum = 60 Q,=78 median (Q,) = 81 Q, =87 maximum = 100

First quartile, or Q,: Median of the lower half of the data
Second quartile, or Q,: Median of all the data
Third quartile, or Q: Median of the upper half of the data

Fig. 4.17. Quartiles separating the distribution of the data into fourths

The interquartile range (IQR) is the difference between the first and
third quartiles. So, referring back to figure 4.17, interquartile range = Q, — Q,
=87-78=9.

To summarize, the range is a measure of the spread of an entire data set
from minimum to maximum, and the interquartile range is a measure of the
spread of the middle half of the data set from Q, to Q,, as illustrated in figure
4.18.
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| range = 100 - 60 = 40 i

60 70 76 76 76 80 80 80 80 80 82 82 85 86 86 88 88 90 90 100

f————— IQR=87-78 =9 —

Fig. 4.18. Range and interquartile range (IQR) of a data set

Students learn that quartiles divide data into four parts in which approxi-
mately one-fourth of the data are below the first quartile, approximately one-
fourth of the data are between the first quartile and the median (or the sec-
ond quartile), approximately one-fourth of the data are between the median
and the third quartile, and approximately one-fourth of the data are above
the third quartile. The interquartile range, then, incorporates about two-
tourths of the data, or about half of the data. However, as will become appar-
ent to students as they expand their study of spread and quartiles, the fourths
into which quartiles divide data are not always exactly equal.

Students learn that they can use quartiles and interquartiles to further
analyze and summarize data. In students’ previous work with data analysis,
they have gained an appreciation that it is easier to see patterns in the data
when the data are displayed visually rather than as a list of values. Through
classroom discussions about this prior knowledge, teachers can guide students
to realize that a display that shows a “picture” of the quartile and interquartile
information would be a useful aid when analyzing data. After discussions
such as these, students are then ready for teachers to introduce the box-and-
whisker plot, or a box plot. Students can also learn how to use the five-num-
ber summary of the data—the maximum, minimum, median, and first and
third quartiles—to make a box-and-whisker plot, as shown in figure 4.19.

Data set: 60, 61, 78, 78, 79, 81, 83, 85, 87, 99, 100

Step 1: Plot the minimum, maximum, median, and first and third quartiles on a number line.
Minimum: 60 Maximum: 100  Median (Q,): 81

First quartile (Q,): 78 Second quartile (Q,): 87

median

Q Q maximum

minimum Q, b

' SR '
| L4 | oo L4
50 60 70 80 90 100

(Continued on next page)

Fig. 4.19. Making a box-and-whisker plot

123



Focus in Grade 8: Teaching with Curriculum Focal Points

Step 2: Draw a rectangle (the box) from Q, to Q,. Draw a short vertical line segment inside
the rectangle at the median (Q,). Draw horizontal line segments (the whiskers) from the minimum
to Q, and from Q, to the maximum.

minimum Q, Q maximum

¢ P ¢
. R S—

| g | o0 ¢

50 60 70 80 90 100

Note: The box-and-whisker plot can be drawn vertically as well as horizontally.

Fig. 4.19. Making a box-and-whisker plot—Continued

Students can then observe that in a box-and-whisker plot, the lowest
fourth of the data are represented by the left whisker, the middle half are rep-
resented by the box, and the highest fourth are represented by the right whis-
ker. The box-and-whisker plot in figure 4.19 shows that half of the data are
clustered about the median and the rest are widely spread out.

To interpret a box-and-whisker plot, students need to understand that
it shows the spread of the data from the minimum to the maximum, which
is the range (the entire length of the box and both whiskers). It also shows
the “middle spread” about the median, which is the interquartile range (the
length of the box). It is evident by comparing the box-and-whisker plots of
the data sets shown in figure 4.20 that they have the same minimum, same
maximum, same range, and same median. But the greater interquartile range
of data set 2 indicates a greater “middle” spread about the median; that is, the
data in data set 2 are not as tightly clustered about the median as the data in
data set 1; the data are more spread out.

Data set 1 o E o

Data set 2 o + + +40

[ [ [ [ [ [
50 60 70 80 90 100

Fig. 4.20. Comparing box-and-whisker plots
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Analyzing data on box-and-whisker plots aids in the consideration of
the statistical meaning of the data. For example, referring back to figure 4.20,
suppose the data sets reflect grades on two different quizzes. The teacher that
administered the quiz would make the box-and-whisker plots to summarize
the data and learn something about how the students performed on the two
quizzes. The teacher can tell from the plots that in data set 2 there is a greater
variability of scores in the interquartile range. Although the medians are the
same, more students scored lower and more students scored higher on the
second quiz.

As students begin to learn how to analyze box-and-whisker plots, it is
important that they gain an understanding of what the box and whiskers in
the plot represent. For example, they should learn that although one whis-
ker may be longer than another, each whisker in a plot represents about one-
fourth of the data and therefore about the same number of values. Also, when
comparing two box-and-whisker plots, students need to develop the under-
standing that a longer box in one graph may or may not represent more data
values than a shorter box or whisker in another graph. Both boxes represent
about half of the data values; therefore, if there are about the same number of
data values in both sets of data, then the longer box indicates that the values
are more spread out with respect to the median, and the shorter plot indicates
less variability. In a box-and-whisker plot, the length of the box and whiskers
indicates the spread of the data, not the size of the data set, as shown in fig-
ure 4.21.

Results of a Quiz in Two Different Classes

Period 1 class: 36 students .—E—.
Period 2 class: 20 students o + + +—‘

50 60 70 80 90 100

Fig. 4.21. Example showing that the size of a box-and-whisker plot does not indicate
the size of the data set

As students begin exploring measures of spread, as with measures of cen-
ter, teachers should carefully craft learning experiences to give students the
opportunity to discover that, although measures of spread are often very use-
tul, a measure of spread alone does not fully describe a data set. Experiences
should include contextual examples in which different data sets have the
same measure of spread, as illustrated in figure 4.22. Students can be shown

the box-and-whisker plots and asked to discuss their measures of spread.
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They discover that the measures of spread—the range and the interquartile
range—are the same but that the data sets used to create the plots are very
different. As students analyze two sets of data, they should observe that al-
though the range and interquartile range are the same in both sets of data, the
extremes, median, and first and third quartile values for the data for company
A are lower than the corresponding values for company B; thus, although the
spread and variability of the salaries in the two companies are the same, the
overall salaries in company A are lower than the salaries in company B. As
students compare and contrast the box-and-whisker plots, they reinforce in
their own minds that these measures of spread, then, do not fully describe the
data.

Annual Salaries for Local Companies (in Thousands of Dollars)

Company A

20 20 26 30 30 36 38 38 40 40 40 50 50

Q1 = $28,000 median = $38,000 Q3 = $40,000
range = $50,000 - $20,000 = $30,000

interquartile range = $40,000 — $28,000 = $12,000

Company B

30 30 40 44 46 46 46 52 52 54 56 56 60 60 60
Q,=$44,000  median = $52,000 Q, = $56,000
range = $60,000 — $30,000 = $30,000

interquartile range = $56,000 — $44,000 = $12,000

Data set B o E—.

| | | | | | |
[ [ [ [ [ [ [
$10,000 $20,000 $30,000 $40,000 $50,000 $60,000 $70,000

Fig. 4.22. Different data sets with the same measures of spread
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As students’ understanding of descriptive statistics deepens, they begin to
appreciate that each measure contributes to an understanding of the data set
and, although the measures of center and spread taken together do not thor-
oughly describe a data set, together they give a more complete picture of the
data than each measure alone.

N
Reflect As You Read
How well would your students respond to the following prompt?
Given a set of data, create box plots and then write a paragraph about the conclu-
sions that can be drawn. All conclusions should be backed up with data, descriptive
statistics, or measures of spread.
\_ J

As with measures of center, students should be given carefully construct-
ed sets of data values so that they can observe how changes in data values can
affect measures of spread. Through class discussions of related sets of data,
such as the ones in figure 4.23, students can learn to generalize, then predict,
how a change in data values will affect the spread and distribution of the data
as shown in a box-and-whisker plot.

Original data set (in thousands of dollars) Change

Change one of the $40,000 salaries to $50,000:

20 20 26 30 30 36 38 38 40 40 40 50 50 20 20 26 30 30 36 38 38 40 40 50 50 50

Q, = $28,000 median = $38,000 Q, = $40,000 Q, = $28,000 median = $38,000 Q, = $45,000

range = $50,000 — $20,000 = $30,000 range = $50,000 — $20,000 = $30,000
interquartile range: $40,000 - $28,000 = $12,000 interquartile range: $45,000 — $28,000 = $17,000
Plots:

Changed .—# ¢ H
| |

$10,000 $20,000 $30,000 $40,000 $50,000 $60,000 $70,000

(Continued)

Fig. 4.23. How a change in a data value can affect spread
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Original data set (in thousands of dollars)

20 20 26 30 30 36 38 38 40 40 40 50 50

Q, = $28,000 median = $38,000 Q, = $40,000
range = $50,000 — $20,000 = $30,000

interquartile range: $40,000 - $28,000 = $12,000

Change

Change one of the $50,000 salaries to $65,000:
20 20 26 30 30 36 38 38 40 40 40 50 65
Q1 = $28,000 median = $38,000 Q3 = $40,000
range = $65,000 — $20,000 = $45,000

interquartile range: $40,000 — $28,000 = $12,000

Plots:
I I I I I I I
$10,000 $20,000 $30,000 $40,000 $50,000 $60,000 $70,000

Fig. 4.23. How a change in a data value can affect spread—Continued

Through guided, structured activities such as the one in figure 4.23, stu-
dents can learn to generalize that often when data are changed, the quartile
in which the change occurs is affected. If extremes are changed, the range and
interquartile range may be affected. These changes can affect how the data
are distributed about the median.

Scatter plots

After students have had many opportunities to explore familiar data displays
and have used descriptive statistics, including measures of center and spread,
to summarize data, teachers should begin to ask such questions as “We have
the data about quiz scores. We also have data about the number of hours that
students studied for the quiz. Suppose we wanted to find out if there was a
relationship between these two sets of data. What statistical tools have we
learned to explore this relationship?” Teachers should engage in classroom
discussions that allow for students’ dialogue about all the different kinds

of graphs and statistical measures that they have learned and whether they
would be sufficient to answer this question. As students discuss the question,
they should begin to realize that none of the tools they have learned so far
seem adequate to investigate this question.

It is then that teachers can introduce the concept of the scatter plot.
Teachers should explain that the data that students have investigated, such as
the quiz score data, consist of a set of data involving a single variable, so the
data are called single-variable data, or univariate data. However, questions
such as the one posed about the quiz-score data and the number of hours
studying allude to two variables that may possibly be related. A data set in-
volving two variables is called divariate data. To find out if there is a correla-
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tion in bivariate data, students learn that they can use a data display called a
scatter plot. So, for example, to investigate the question as to whether there
is a relationship or correlation between the scores on the quiz and the time
spent studying, students can organize the values for the two variables to form
a relation of twenty ordered pairs of the form (¢, s): (0, 60), (10, 70), and so
on, where ¢ is the time each student studied and s is the score that student
made on the quiz. Students can then apply what they know about ordered
pairs to graph them on a coordinate grid to make a scatter plot, as shown in

figure 4.24.

Data about twenty students’ scores on the quiz and the time they spent studying:

Time Studying (min.)

Student 1 2 3 4 5 6 7 8 9 10
Time (minutes) t 0 10 20 0 10 30 20 20 15 15
Score s 60 70 76 76 76 80 80 80 80 80
Student 11 12 13 14 15 16 17 18 19 20
Time (minutes) t 30 30 35 25 20 35 20 40 40 50
Score s 82 82 85 86 86 88 88 90 90 100
Scatter plot of the relationship:
Quiz Results
100
90 [ J
e 3
80 ’
g { I
[}
O
? 70
N
=
(<}
60 @
50
0
0 10 20 30 40 50 60

Fig. 4.24. Organizing data and using a scatter plot to explore a relationship between quiz score

and time spent studying
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Students notice that there appear to be sixteen dots in the scatter plot
rather than twenty because repeated ordered pairs, such as (20, 80), are repre-
sented with a single point. However, it is important to keep a record that this
point is a combination of three data points when using the display to inter-
pret the data.

As students study different scatter plots, teachers should emphasize that
the patterns of the dots can help students observe trends in data. For example,
if the data cluster in an ascending pattern, a positive correlation exists. If the
dots cluster in a descending pattern, a negative correlation exists. If the dots
do not cluster but are scattered about the graph, there is no correlation. These
correlations are summarized in figure 4.25.
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Fig. 4.25. Scatter plot dot patterns that show positive, negative, or no correlation in bivariate data

When there is a positive trend, for the most part, as values of one variable
increase, values of the other variable also increase. When there is a negative
trend, for the most part, as values of one variable increase, values of the other
variable decrease. When there is no trend, the increase or decrease of the val-
ues for one variable does not affect the values of the other variable.

Students learn that they can draw a #7end /ine to approximate the rela-
tionship. A trend line follows the general pattern of the dots, as shown in fig-
ure 4.26.

Teachers should point out that a trend line represents a set of bivariate
data just as a measure of center or spread represents a set of univariate data.
Although a measure of center or spread is a single number, a trend line is a set
of points (that corresponds to a set of ordered pairs). Generally, if a trend line
is a good fit for the data, there will be about as many data points above the
line as below it. Note that this means that the point in the scatter plot that
represents three data points counts three times and has a stronger influence
on the trend than do the other points. The trend line that most closely mod-
els the set of bivariate data is called the /ine of best fit. Every other trend line
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Fig. 4.26. Trend line for quiz-result data

for a set of data is an approximation for the line of best fit for that set of data.
In later grades, students will use more advanced mathematics to find the line
of best fit for a scatter plot.

During their study of bivariate data, students should have the opportu-
nity to analyze scatter plots and trend lines. Teachers should structure ex-
periences so that students learn that a trend line can be used to estimate or
predict values that are not in the actual data set. For example, the point (45,
95) is a point on the trend line, so it is reasonable to estimate that if a student
studies for forty-five minutes, his or her score will be about a 95, as shown in

figure 4.27.
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Fig. 4.27. Using a trend line to predict data
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Teachers should have students study scatter plots in context so that they
can develop the ability to meaningfully interpret, summarize, and analyze the
data used to make the plot, as shown in the examples in figure 4.28.

Scatter Plot and Trend Line

(Linear Graph)
Toy Mart—Comparing Bicycle Sales and Total Revenue
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Problem 1: What type of correlation is shown in the scatter plot, and
how do you know?

Solution: Positive; because there is an ascending trend line.

Problem 2: What does a positive correlation indicate about the
relationship between revenue and bicycles sold?

Solution: The total revenue at the store is higher in months in which
the number of bicycles sold is higher, that is, as the x-values increase,
y-values also increase.

Problem 3: Locate the point at (12, 9). What does this point mean in
the context of the store revenue?

Solution: In one of the months in which twelve bicycles were sold, the
total revenue taken in at the store was $9,000.

Problem 4: In other months in which twelve bicycles were sold, the
store's revenue was $7,800, $8,100, and $9,000. How could this be?

Solution: The store sells items other than bicycles, or not all bicycles
are sold at the same price.

Problem 5: Does the graph indicate that the positive correlation
between bicycles sold and total revenue has a causal relationship,
that is, can we tell from the graph that the total revenue went up
because more bicycles were sold? Explain your answer.

(Continued on next page)

Fig. 4.28. Interpreting a scatter plot and an accompanying
trend line
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Solution: No; we can only tell that the total revenue went up when
more bicycles were sold, not that it went up because more bicycles
were sold. There might be other factors that would influence the total
revenue, for example, the increase in revenue could have been caused
by an increase in total purchases due to a holiday season or a store
promotional sale designed to attract customers.

Problem 6: Use the trend line to predict the total revenue if eighteen
bicycles are sold one month. Explain your reasoning.

Solution: About $11,000; the line passes through the point (18, 11).

Fig. 4.28. Interpreting a scatter plot and an accompanying
trend line—Continued

Focusing on Analyzing and
Summarizing Data Sets through
Problem Solving

In a curriculum that is focused on analyzing and summarizing data, stu-
dents will benefit from working with data in context. Thus, most of students’
work will be constructed in problem-solving situations. When students are
asked to create or analyze bar graphs, line graphs, line plots, stem-and-leaf
plots, circle graphs, histograms, pictographs, box-and-whisker plots, or scat-
ter plots, the given data or graph should be part of a problem to be solved or
situation to be analyzed. The same applies when students are asked to find a
measure of center or spread or to draw and use a trend line in a scatter plot—
they should be given the task as part of a problem to be solved or situation to
be analyzed, as exemplified in the previous sections.

Although students’ initial experiences with the concepts in this Focal Point
should include situations involving whole numbers and numbers that are easy
to work with, as students’ understanding of data displays and descriptive sta-
tistics deepens, data sets that include rational numbers, including decimals and
fractions, should be introduced. Students’ understanding of rational numbers
can be reinforced through their work analyzing and summarizing data sets.

Focusing on Analyzing and
Summarizing Data Sets through
Connections

As students extend their study of data analysis and graphing, they should be
given opportunities to make various connections to other mathematical con-
cepts, for example, to linear functions. They should also be made aware of
the connections of data analysis and graphing to the other subjects and to the
world around them. For example, students should become aware of how data
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are used in science and social studies, as well as in newspapers, in magazines,
and on the Internet. They should also learn of different ways in which graphs
can be unintentionally or intentionally misleading.

Students apply their understanding of linear functions when they draw a
trend line in a scatter plot of bivariate data, derive an equation for a trend line
(also called a /ine of fif), or use the line or equation to make conjectures about
the data. They should recognize that a scatter plot is a graph of a relation; if
all data points fall on a line, then that is the line of best fit for the data and it
is the graph of a linear function. Understanding linear functions will also help
students use a trend line by allowing them to find an intercept or a slope. In
a problem-solving situation, an intercept tells the value of one variable when
the value of the other variable is zero, and the slope represents the rate of
change of the dependent variable with respect to the independent variable.
For example, in figure 4.29, the y-intercept is 2, indicating that, according to
the trend line, the prediction for the total revenue is $2,000 in a month if no
bicycles are sold. The slope is 0.5, indicating that, according to the trend line,
the total revenue increases by about 0.5 thousand dollars ($500) for every bi-
cycle sold.

Toy Mart— Comparing Bicycle Sales and Total Revenue
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Fig. 4.29. Scatter plot and trend line

It is important that students understand that a trend line or line of best
fit is only a model for a situation. Models are useful for analyzing, predicting,
and inferring, but predictions and inferences based on models are not guaran-
teed to be accurate. For example, a student might infer that the slope in fig-
ure 4.29 indicates that the price of a bicycle is $500, but in reality the bicycle
prices probably vary, with $500 being an average (mean) price. In some cases
predictions and inferences may be misleading. The trend line in figure 4.29
matches the data very well and is very close to being the line of best fit for
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values between x = 8 and x = 16. However, inferences or predictions for val-
ues much greater than or much less than these values of x may not be as reli-
able. For example, according to the trend line, the total revenue in a month if
no bicycles are sold would be $2,000. But if no bicycles are sold, it is possible
that business overall that month would be very slow, and the total revenue
might not be nearly $2,000.

As students examine graphs from various sources, they may begin to get
a sense that graphs can be misleading. Sometimes graphs are unintentionally
misleading; however, graphs may be designed to be purposefully misleading
to sway opinion. One way to create a potentially misleading graph is to make
the range on the vertical scale much greater than necessary, using a much
greater number for the top of the scale than the greatest data value, thus min-
imizing the appearance of the distance between extreme data values. Another
way is to insert a break in the vertical axis, thus exaggerating the representa-
tion of the distance between data values, as shown in figure 4.30.
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The top number on the vertical scale is much
greater than the greatest data value. The graph
suggests only a slight increase in enrollment,

Because of the break in the vertical axis, the
graph suggests a great increase in Beth’s quiz
scores. But the actual increase, from 80 to 84,

but in fact the enroliment increased from 600 to
900, a 50 percent increase.

is only 4 points.

Fig. 4.30. Potentially misleading line graphs

Students need to develop the ability to judge whether a graph fairly rep-
resents the data and whether the graph has been created to purposefully mis-
lead. For example, referring back to the enrollment graph in figure 4.30, stu-
dents should think about possible reasons why the graph was made with such
a large scale. They should ask themselves questions such as “Is there any rea-
son why this graph would have been made to make it look like the change in
enrollment was not significant?” If so, for example, if a school board wants to
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minimize the appearance of the increase in enrollment to justify not needing
to spend money to build a new school, students need to consider these fac-
tors as they analyze and summarize the data. Thus, students need to become
critical thinkers when analyzing graphs, using the mathematics that they have
learned as well as their own understanding of the issues related to the context
of the graph. The idea that data and statistics can be and are often used to
persuade is one that students should focus on as they study the data and sta-
tistics in this Focal Point.

Three-dimensional or “tilted” graphs can also be potentially misleading.
For example, a three-dimensional circle graph may not accurately show rela-
tive sizes of categories, as shown in figure 4.31. In this circle graph, Conrad
received 39 votes and Ames received 32 votes, but the tilt of the graph makes
it seem like Conrad got many more votes than the other candidates. In a
three-dimensional bar graph, it can be difficult to determine the height of the
bars. A first glance at the three-dimensional bar graph in figure 4.31 might
suggest that the bar height for soccer is about 80, but in fact it is 90.

Election Results Participation in Sports

Fig. 4.31. Potentially misleading circle graph and bar graph

Students at grade 8 should recognize that their data and graphing skills
can be applied in many other subject areas, especially in social studies and sci-
ence. For example, students create and interpret graphs that show agricultural
and industrial production, population trends, land and water areas, soil ero-
sion, and fish and wildlife populations.

Students will also notice that data and statistics are prevalent in the world
around them outside of their school subjects, for instance in print and elec-
tronic media. They should realize that people use data and statistics to make
social, political, and economic decisions. Students will use the ability to ana-
lyze and summarize data that they develop in grade 8 to interpret graphs and
numerical statistics and to make critical analyses about the accuracy of data
displays throughout their lives. A broad and deep understanding of data and
statistics will enable students to interpret data themselves instead of having to
rely on the interpretations of others.
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Connections in later grades

In later grades students will continue to develop their ability to analyze and
summarize data sets using data displays and descriptive statistics. For ex-
ample, in later grades students formulate questions that can be addressed
with data they collect. Then they organize and display relevant data to an-
swer these questions. Students learn the importance of sampling to gather
information about a population; that is, they learn how to choose part of the
population, called a sample, and gather data from that sample. They study
various sampling methods, such as random, stratified random, systematic,
convenience, and self-selected sampling. They also learn that samples must be
representative of the group for their results to be valid and how to extrapolate
their results from the sample to the entire group.

In later grades, students learn additional statistical methods to select
from and use to analyze data. They learn that one important way data values
can vary consistently from the mean is in a normal distribution. The graphs
of normal distributions are symmetrical bell-shaped curves. Fifty percent of
the distribution lies to the left of the mean and 50 percent lies to the right of
the mean, as shown in figure 4.32. They also learn about a measure of varia-
tion (measure of spread) called the standard deviation, which is a measure of
how much the values in a data set vary, or deviate, from the mean.

T T T T T T T
-3sd -2sd -sd mean0 + sd +2sd  +3sd

Fig. 4.32. Normal distribution curve

In later grades, students also learn that a numerical data value has an as-
sociated percentile, which indicates the percent of the data that is less than
or equal to that data value. For example, if a student’s grade point average is
at the 65th percentile compared with all the students in the school, then that
student’s grade-point average is greater than or equal to 65 percent of the
grade-point averages of all the other students in the school. Students will also
study outliers—data values that are much greater or much less than the rest
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of the data set. They might learn that an outlier is often defined as

a data value that is outside the middle half of the data by more than 1.5
times the interquartile range, that is, less than Q, — 1.5(IQR) or greater
than Q, + 1.5(IQR).

Students will continue to develop and evaluate inferences and predictions
that are based on data. For example, they will learn that the margin of error is
an estimate of the amount of error associated with a sample proportion—if a
poll shows 60 percent of voters in favor of a candidate with a margin of error
of +4%, then students can infer that it is likely that 56 percent to 64 percent
of the overall population of voters is in favor of that candidate. To evaluate
this inference, students need to know details of the methods for obtaining the
data, for example, how the sample was selected.

Students will study basic concepts of probability. They will learn that ex-
perimental probability is based on observations or results of an experiment.
Each observation or performance of the experiment is called a #7ia/, and the
experimental probability of an event is defined as

number of times the envent occurs
number of trials '

For example, if you draw a marble from a bag at random fifty times, replac-
ing the marble after each draw, and get a red marble ten times, then the ex-
perimental probability of drawing a red marble from that bag is 10/50, or 1/5.
Students will learn that theoretical probability is based on a sample space; if a
sample space has 7 equally likely outcomes, then the theoretical probability of
an event E is defined as

number of outcomes in £

n

Suppose a bag contains forty marbles—ten red, ten black, and twenty white.
Then the theoretical probability of drawing a red marble from that bag

is 10740, or 1/4. Students will also learn about some other basic concepts of
probability, including dependent and independent events, mutually exclusive
events, geometric probability, and probability distributions.

Developing Depth of Understanding

How can you, in your classroom, help students understand and be able to de-
scribe strengths and weaknesses of the different data displays and statistical
measures? What activities can you do in your classroom to help students de-
cide which display or measure they can use to accurately display their data?
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